RUNHETC-2012-06 
LPTENS-2012-21 
LMU-ASC 33/12 



A worldsheet extension of 0(d,d\Z) 



C. Bachas^, I. Brunner l '' c and D. Roggenkamp ^ 

" Laboratoire de Physique Theorique de l'Ecole Normale Superieure 
24 rue Lhomond, 75231 Paris cedex, France 

^ Arnold Sommerfeld Center, Ludwig Maximilians Universitat 
TheresienstraBe 37, 80333 Miinchen, Germany 

c Excellence Cluster Universe, Technische Universitat Miinchen 
Boltzmannstrafie 2, 85748 Garching, Germany 

^ Department of Physics and Astronomy, Rutgers University 
Piscataway, NJ 08855-0849, USA 



Abstract 

We study superconformal interfaces between M = (1,1) supersymmetric 
sigma models on tori, which preserve a u(l) 2d current algebra. Their fusion 
is non-singular and, using parallel transport on CFT deformation space, it 
can be reduced to fusion of defect lines in a single torus model. We show 
that the latter is described by a semi-group extension of 0(d,d\Q), and that 
(on the level of Ramond charges) fusion of interfaces agrees with composition 
of associated geometric integral transformations. This generalizes the well- 
known fact that T-duality can be geometrically represented by Fourier- Mukai 
transformations. 

Interestingly, we find that the topological interfaces between torus models 
form the same semi-group upon fusion. We argue that this semi-group of 
orbifold equivalences can be regarded as the a' deformation of the continuous 
0(d,d) symmetry of classical supergravity. 

1 Unite mixte de recherche (UMR 8549) du CNRS et de TENS, associee a l'Universite 
Pierre et Marie Curie et aux federations de recherche FR684 et FR2687. 



1 Introduction and summary of results 



String theory compactified on a <i-dimensional torus is invariant under the 
group 0(d, d\Z) of T-duality transformations pQ. This is the subgroup of 
U-dualities realized as automorphisms of the worldsheet sigma model. It 
is, however, also a subgroup of the much larger continuous group 0(d, d\R), 
which is the group of symmetries of the classical low-energy supergravity 
theory. This larger continuous symmetry is broken by quantum effects, in 
particular by the fact that the string momentum and winding vectors are 
quantized. 

In this paper we show that a certain relic of 0(d,d\R) does survive as 
a symmetry of a subset of observables, at leading order in the string-loop 
expansion but to all orders in a'. These "quasi-symmetries" are implemented 
on the string worldsheet by topological interfaces (also referred to as defect 
lines). Topological interfaces have played a role in various contexts in recent 
years, see for example El H El El EJ El M ED 021 H21 112 ES EE El IIS CES] . 

We are interested in topological interfaces between d- dimensional torus 
models which preserve a u(l) 2d current algebra. It turns out that they are 
associated to elements A £ 0(d,d\Q), the group of 0(d, of)-matrices with 
rational entries. Their action on perturbative string states transforms an 
integer momentum and winding vector 7 G to A7 whenever this is con- 
sistent with charge quantization, i.e. whenever A7 is also in Z d,d ; otherwise 
it projects the string state to zero. We will argue that the transformation 
also rescales the effective string-coupling constant by 

A eff ^ A off ^/ind(A) . (1) 

Here, ind(A) denotes the index of the sublattice of charges that survives the 
projection, i.e. the smallest positive integer K such that KA has only integer 
entries. Clearly these transformations can only be inverted if K = 1, in which 
case they are the familiar T-dualities of string theory. The transformations 
for general K do not form a group but rather a semi-group. It turns out to 
be a semi-group extension of 0(d, d\Q). 

Topological interfaces for the free boson compactified on a circle, i.e. for 
d — 1 have been analyzed in [HI E]- We extend this analysis to torus models 
of arbitrary dimension d > 1, and also to theories with M = (1,1) world- 
sheet supersymmetry. Following [H] we actually compute the composition, or 
"fusion" of the more general superconformal but not necessarily topological 
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interfaces. These do not separately commute with left and right moving su- 
perconformal algebras of the bulk SCFTs as is the case for topological ones, 
but only with the diagonal subalgebraj^] In the purely bosonic CFT this 
requires the introduction of a regulator and the subtraction of a divergent 
Casimir energy. For interfaces preserving a mutually compatible supersym- 
metry, on the other hand, the divergent Casimir energy cancels between 
bosons and fermions and there is no need for an infinite subtraction]!] The 
finite part of this energy ensures that the fusion of non-topological interfaces 
does not violate Cardy's consistency condition [26] . 

Conformal interfaces on the superstring worldsheet have been constructed 
recently in [27J. There, the Green-Schwarz formulation was used instead 
of the NSR formulation employed in this paper, and space-time instead of 
worldsheet supersymmetry was imposed. It was furthermore argued that the 
requirement of space-time supersymmetry forces the interface either to be 
topological or to be a (totally-reflecting) tensor product of supersymmetric 
D-branes. Since the 0(d, d\Q) quasi-symmetries are implemented on the NSR 
worldsheet by topological interfaces, it should be possible to rederive our 
results in the Green-Schwarz formulation adopted in [27] as well. However, 
we will not pursue this approach here. 

The effective action for the moduli and the associated u(l) 2d abelian gauge 
fields of toroidally-compactified string theory reads [28] 



o 4 



(2) 



where 



q— i G~^B 

M= (bg- 1 g - bg^b) (3) 



is a symmetric 0(d, d) matrix that obeys MfjM = fj, with fj — (JJ). Here 
G is the metric of the torus in the string frame, B the NS 2-form field and 
F^ u a 2<i-vector of gauge field strengths; Mpi anc k is the Planck scale of the 
effective (super)gravity. This action is invariant under the global 0(d,d) 



2 Such conformal interfaces arise as generic fixed points of renormalization-group flows, 
see for instance [101 El 1211 HI 1221 123 12H 121] and references therein. 

3 This was shown to be also the case for N = (2, 2) supersymmetric interfaces between 
Landau-Ginzburg models in [23]. For the free theories considered in this paper Af = (1, 1) 
supersymmetry is sufficient to remove the singularities of fusion [3] . 
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transformations F^ u i— > AF^ U and M H- AMA T with A T r]A = 57. Charge 
quantization restricts A to the T-duality subgroup 0(d, d\Z). 

The topological interfaces constructed in this paper are associated to 
elements A of the larger group 0(d, d\Q), but they project out sublattices of 
charges whenever A ^ 0(d, d\£). 

The matrix M can be expressed in terms of an auxiliary "vielbein" field 

M = 2 U T U "H- M _1 = 2(U f}) T (U fj) . (4) 

Using this vielbein one can define a vector of "physical" charges 7 = Ufj-y, 
associated to a vector of integer charges 7. The physical-charge vectors 7 take 
values in an even self-dual lattice T d,d of left and right momenta, with metric 
77 = diag(l, — 1). A general (super) conformal interface transforms 7 to A7 
with A G 0(d,d). It is topological if A G 0(d) x 0(d). Physical properties, 
such as the mass of a fundamental string, only depend on 7 modulo arbitrary 
0(d) x 0(d) rotations. 

One of the most interesting aspects of our analysis is the way in which the 
semi-group of topological interfaces acts on D-branes and on their Ramond 
charges. It turns out that just as the masses of fundamental string states, also 
the D-brane masses stay invariant. The vectors of integer Ramond charges, 
on the other hand, transform according to the spinor representation: 

Id -> Sj D , with S := ^/ind(A) S(A) G GL(2 d \Z) . (5) 

Here S is the spinor representation of 0(d, d\Q), while the square root of the 
index in the above expression can be interpreted as the rescaling ([T]) of the 
effective string coupling. Interestingly, the latter ensures that S acts as an 
endomorphism on the space of integer-component spinorsj^] This should be 
contrasted to A whose action was restricted to a sublattice of the lattice of 
integer-component vectors. 

The transformations ^ also have a nice geometric meaning. Namely, we 
show that the action of all superconformal u(l) 2d preserving interfaces on 
the space of Ramond ground states descends from the action of geometric 

4 The T-duality group 0(d, d\Z) is usually defined as the stabilizer of the lattice of 
fundamental-string charges, which transform in the vector representation of the continuous 
group. That the same discrete group also stabilizes the lattice of spinor charges is a subtle 
mathematical fact, see for instance [5S1[3D]. The transformation ^ is the generalization 
of this statement to the semi-group extension of 0(d, d\Q). 
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integral transformations on D-branes. If invertible, such transformations are 
known as Fourier-Mukai transformations, and it is indeed well known that 
T-dualities can be realized by Fourier-Mukai transformations [31| 132]. 

Although a topological interface with index K ^ 1 cannot be inverted, 
its fusion with its parity-transform always yields a sum of invertible defects. 
The authors of [7j have argued very generally that interfaces with the above 
property separate CFTs that are related by orbifold constructions, and in 
particular preserve the sphere correlation functions of untwisted states. Our 
results provide a concrete application of these ideas to the torus theories. 
The interfaces associated to elements of 0(d,d\Q) and 0{d, d\Z) are, in the 
language of [7], examples respectively of "duality defects" and the subclass 
of "group-like defects". 

Let us stress that 0(d, d\Q) is not an exact symmetry of string theory but 
an orbifold equivalence, i.e. a classical invariance of a subset of observables. 
It does, however, survive a' corrections. It remains to be seen whether this 
"quasi-symmetry" has any profound meaning, or whether it is related to 
other fascinating glimpses on the arithmetic properties of string theory (see 
e.g. [33] and references therein). 

Quite independently, conformal interfaces can be realized as quantum 
junctions and quantum impurities in (1 + l)-dimensional systems (for an 
introduction see [3UI35]). Our results on the fusion of u{l) 2d invariant defects 
could thus find more direct applications in the study of the infrared properties 
of such systems. 

The rest of the paper gives the technical details behind the claims made 
in this introduction. We begin in Section 2 with the construction of interfaces 
between bosonic circle theories that preserve u(l) 2 symmetry. We present 
both the explicit interface operators, and the corresponding boundary states 
of the two-boson theory that is obtained by folding the worldsheet along the 
interface. This material is already contained in [31 19]. But we formulate it 
in a way that easily generalizes to higher target-space dimensions. 

In Section 3 we extend the construction of Section 2 to superconformal 
interfaces between M = (1,1) supersymmetric c = 3/2 circle theories. We 
emphasize the GSO projection, and in particular establish a precise corre- 
spondence of superconformal interfaces in the GSO projected theory and 
Cardy defects in the Ising model [2]. 

In Section 4 we derive the fusion of the w(l) 2 -preserving superconformal 
interfaces between the c = 3/2 circle theories. We show that fusion is non- 
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singular for interfaces preserving the same supersymmetry, even if none of 
these interfaces is topological. We also explain how any interface can be 
parallel-transported to a defect in a given reference bulk theory, and com- 
pute the monoid of superconformal defects. This monoid turns out to be 
a semi-group extension of 0(1, 1|Q), tensored for the GSO projected the- 
ory with the fusion algebra of the Ising model. We furthermore show that 
parallel transport provides a one-to-one correspondence of w(l) 2 -preserving 
superconformal defects in circle theories and the w(l) 2 -preserving topolog- 
ical interfaces starting in any given circle theory. This correspondence is 
compatible with fusion, so that the category of w(l) 2 -preserving topological 
interfaces between circle theories can be completely described in terms of 
the monoid of w(l) 2 -preserving superconformal defects. General conformal 
defects of the Ising model have been studied in [201 E2] . A by-product of our 
analysis is the fusion algebra of these Ising defects. 

In Section 5 we explain the relation between the defect monoid and the 
0(1, 1|Q) quasi-symmetries of the supergravity action. In particular, we 
describe their action on perturbative string states on the one hand and D- 
brane charges on the other. 

Section 6 contains the generalization to target space dimension d > 1. 
We construct the w(l) 2d -preserving superconformal interfaces between d- 
dimensional torus models, and calculate their fusion. As in the case of 
d = 1, also for arbitrary d, parallel transport reduces the fusion structure 
to the monoid of defects in a fixed reference torus model. We determine this 
monoid to be the extension (179) of 0(d, d\Q) by the semi-group of maximal 
rank sublattices of Z d,d (where multiplication is given by intersection). In 
addition we also calculate the fusion of these defects with w(l) 2d -preserving 
superconformal boundary conditions. We tried to keep this section to some 
extent self contained, so as to make it readable independently of the detailed 
discussion of the d = 1 case in Sections 2-4. It can therefore also serve as an 
overview of our analysis of interfaces. 

In Section 7 we relate the action of the superconformal interfaces to geo- 
metric integral transformations. More precisely, we show that the interfaces 
act on Ramond ground states in the same way that corresonding geometric 
integral transformations act on D-brane charges. Even though we did not 
attempt to prove it, we believe that this is in fact true on the level of the 
full D-brane category, and that the interfaces fuse as the respective integral 
transformations compose. 
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Finally, in Section 8 we establish the one-to-one correspondence between 
conformal defect lines and topological interfaces in torus models. This ex- 
tends the relation between the defect monoid on one hand, and 0(d,d\Q) 
quasi-symmetries of the effective supergravity action after compactification 
on a torus of arbitrary dimension d > 1. 

In appendix A we collect some conventions, and in appendix B we prove 
an identity relating indices of certain sublattices which is needed for the 
calculation of the fusion of interfaces. 

2 Free-boson interfaces preserving u(l) 2 

We begin with a review of interfaces between two c = 1 conformal field 
theories of free bosons compactified on a circles. We limit ourselves to in- 
terfaces preserving two u(l) Kac- Moody symmetries. These interfaces were 
constructed and discussed in references [31 Ej. Here, we give a description 
that will easily generalize to higher target-space dimensions. 

2.1 Interface operators versus boundary states 

As explained in the above references, there are two different ways to think 
about interfaces: as operators mapping the states of CFT2 on the circle 
to those of CFT1; or as boundary conditions in the tensor-product theory 
CFTl<g>CFT2*, where CFT2* is the parity transform of CFT2. These two 
approaches are technically equivalent, but it will be useful in the sequel to 
keep them both at hand. 

In this section CFT1 and CFT2 are theories of a free massless bosonic field 
4>, compactified on circles of radii Ri and R 2 respectively. Our conventions 
for (j) are detailed in Appendix [A} 

In the first approach, conformal invariance is equivalent to the statement 
that the interface operator : H2 Hi between the Hilbert spaces of the 
two CFTs commutes with the Virasoro algebra {L n — L_ n , n e Z}. Since the 
Virasoro generators are quadratic in the u(l) currents, the gluing conditions 
for the latter must be of the form 

( JJ/ 1 , = /ua( JJ fa A, 0(1,1). (6) 

Here a 1 and a 2 are the modes of the left-moving u(l) currents of CFT1 
and CFT2 respectively, while a 1 and a 2 are the modes of the right-moving 
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currents. The matrix A obeys A T t]A = 77 with rj = diag(l, —1). We stress 
that ^ does not describe all possible conformal gluing conditions, only those 
preserving two affine symmetries. 

To convert interfaces to boundary states one reflects CFT2 to CFT2*, 
so that both conformal theories are now defined on the half-cylinder r > 0. 
This exchanges the left- and right-moving modes 



-~a\ 



(7) 



The gluing conditions then become conformal boundary conditions for the 
tensor-product theory CFTl£g>CFT2*. This is a two-boson theory whose tar- 
get space is an orthogonal torus. The folding operation converts the interface 
into a boundary state that satisfies the gluing conditions^] 



-a 1 , 



+ A 



0. 



(8) 



One can put these conditions in the equivalent but more standard forrrj^] 



+ 



a?, 



(9) 



where O is the orthogonal matrix 



(9(A) 



-A-12-A-22 1 ^ n ~~ Al2A 2 2 1 A21 



(10) 



The inverse to relation (10) is 



HO) 



O12 — 0\\0 2 i O22 



o xx o~ 2 l 



o. 



21 



(11) 



Anticipating the generalization to higher target-space dimension d, we 



have written equations (10) and (11) so that they hold for current modes 



that are ci-dimensional vectors. It is nevertheless instructive to make the 



5 Throughout this article, we use double kets to distinguish boundary states from normal 
CFT states (created by local operators) which are denoted by a single ket. 

6 In reference [5] the symbol S was used in place of the orthogonal matrix O. Here we 
prefer to save this symbol for the spinor representation of 0(1, 1). 
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mapping between 0(2) and 0(1, 1) matrices more explicit. One notes that 
0(2) has two disconnected components, while the number of disconnected 
components in 0(1, 1) is four. These are related as follows: 

q _ f cos(2-#) sin(2i9) \ ^ _ / cosha sinha \ / 1 
V — sin(2i?) cos (2$) J \ sinha cosha J \ —1 

q _ f cos(2-#) sin(2$) \ ^ _ / cosha sinha \ 
V sin(2 , i9) — cos(2$) J \ sinha cosha J ' 

where the rotation angle 2$ G (— 7r, 7r] is related to the rapidity a G (— oo, oo) 
as follows: 

tanha = cos(2^) , (13) 

and the sign ± corresponds, respectively, to the ranges $ > or d < 0. 
Crossing the singular value i? = amounts to jumping among the two dis- 
connected components of 0(1, 1) related by the reflection —1. Note that 
the identity gluing condition for an interface corresponds to a permutation 
gluing condition for the associated boundary condition, which glues the left 
(right) u(l) current of CFT1 to the right (left) current of CFT2*. 

Let us give a name to the sign that distinguishes the two components of 
the orthogonal group, 

detA = -detO d = e . (14) 

As shown in |9], when e = +1 the interface corresponds to a Dl-brane in 
the folded theory subtending an angle i? to the 1 axisQ For fixed compact- 
ification radii Ri this angle cannot vary continuously, but is subject to the 
rationality condition 

tam? = ^ if e = +1 . (15) 

Here, k\,k2 are arbitrary integers - the winding numbers of the associated 
Dl-brane, which we take to be coprime in the following. For e = —1 the 
folded interface corresponds to a D2/D0 bound state, and the rationality 
condition reads 

tarn? = 2 J^1 if e = -1 . (16) 



7 This is the reason for including the factor of 2 in the definition of the rotation angle. 
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In this case, the integers (ki, k 2 ) are respectively the number of D2 -branes 
and the gauge flux threading through them. The latter is forced to be integer 
by Dirac's quantization condition. 

We also quote here the explicit form of the bosonic boundary states from 
reference 

oo 

\0,<p))*» = l[e^ a -^n \0, V ) h0S , (17) 

n=l 

where the ground states for e — 1 and e — — 1 are respectively given by 



7 I OO 

\0, ^)bos = i/^ToT E e lN ^ +m ^\k 2 N, hN, hM, -k 2 M) , and 



k k 

|0 '^ )bos = VshiT^y £ e^+^l^-^iV^^^M). (18) 

V ^ ' N,M=-oo 

Here, |iV\, AT 2 , Mi, M 2 ) denotes the highest-weight state with integer mo- 
menta (Ni,N 2 ) and winding numbers (Mi,M2) in the two torus directions, 
while (p parametrizes angle moduli of the boundary state (position and Wil- 
son lines of the corresponding D-brane). 

The g-factor is the coefficient of the N = M = ground state. Another 
important parameter is the reflection coefficient 7Z, defined quite generally 
in reference [22]- For the bosonic interfaces at hand, these two parameters 
are given by P, [3j 



9hos = \lJ^W) ' ^ = cos2 (^)- (19) 

Note that while 1Z varies continuously with the angle the g-f actor depends 
non-trivially on its arithmetic properties. In string theory the ^-factor is the 
(normalized) mass of the D-brane, viewed as a point particle in the non- 
compact spacetime. This (for e = +1) depends on the length - not only 



on the orientation angle of the Dl-brane. The quantization condition (15) 
ensures that this length, and hence the interface entropy, is finite. 

Using the behavior Q of the modes under folding, the boundary states 
are easily unfolded to interface operators. The mode contributions can be 
formally expressed as products of exponentials I™ 2 os . For n > 

I^ bos = expQ(ai n 0^ , (20) 
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while the zero-mode contributions are given by 



lit 3 = J-^z T e iN ^ +iM ^\k 2 N,k 1 M)(k 1 N,k 2 M\ , and 
\/ S m(2tf) ^ 



AT 8 = \ H^hs E e iN ^ +iM ^\k 1 M,k 2 N)(k 1 N,k 2 M\ (21) 

for e = detA = +1 and —1, respectively. Using a slightly abusive notation 
we may express the complete interface operator as 

A b ° 2 s = n j it os > ( 22 ) 

n>0 

with the implicit understanding that the positive-frequency modes of CFT1 
act on the left and those of CFT2 on the right of the map I^2° s - This latter 
map implements the zero-mode gluing conditions on the ground states of the 
two u(l) Kac-Moody algebras. 



2.2 Quantization and sublattices 



The quantization conditions (15) and (16) cannot be generalized as such to 



higher target-space dimensions. To put them in a more convenient form, note 
that in addition to the 0(1, 1) matrix A which enters in the gluing of the u(l) 
currents, the interface is characterized by the choice of the bulk radii, R\ of 
CFT1 and R 2 of CFT2. More explicitly, the corresponding charge lattices 
can be written as (here j = 1,2) 



r, 



where the matrices 



N/2Rj + MRj 
-N/2Rj + MR. 



N,M G Z 



1,1 



l/2Rj 
-1/2R, 



(23) 



(24) 



are the "vielbeins" introduced in Q and Z 1,1 is the lattice of integer momenta 
and windings. The transformation (23) corresponds precisely to the change 



of basis from the physical left and right u(l) charges^] to integer momentum 
and winding, which has been mentioned in the introduction. 



3 Note that in our conventions Tj is the lattice of charges (jo, —jo). 
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Note that states of CFT2 with physical charge vector 7 £ T 2 are mapped 
to states of CFT1 with physical charge vector A7. If A7 £ Ti then | A^/) {^y | 
does indeed contribute to the zero-mode operator I^ 2 os . Otherwise, all CFT2 
states in the u(l) 2 module with highest-weight vector (7) are mapped to zero 
by Ii 2- The CFT2 charge vectors that contribute to the zero- mode sum lie 
therefore in the intersection sublattice of physical charges 

^1,2 ■■= {7 e r 2 |A 7 £ = r 2 n A-^ = r 2 n a- 1 u 1 u 2 1 t 2 . (25) 

This is mapped by A to the sublattice of CFT1 charge vectors 

r^ 1 := { 7 £ TxiA-S £ r 2 } = ri n Ar 2 = r 1 n au 2 U{ 1 t 1 , (26) 



where Fx = U\U 2 1 T 2 . The quantization conditions (15), (16) ensure that 
is a maximal-rank sublattice of T 2 (or equivalently that T^ 1 is a maximal- 
rank sublattice of Ti). Gluing matrices obeying this maximal-rank condition 
will be referred to as "admissible" gluing matrices. 

This condition is more transparent in the canonical basis of integer wind- 
ing and momentum. The gluing of these integer-charge vectors is imple- 
mented by A := U{ x AU 2 f\ This is a 0(1, 1) matrix that leaves invariant the 
(off-diagonal) metric fj = (?q) on It can be read off easily from the 

zero-mode maps (21) with the result: 

for £ = +1 or £ = - 1, respectively. In this canonical basis the admissible 
gluing conditions are, therefore, in one-to-one correspondence with elements 
of 0(1, 1|Q), the group of 0(1, 1) matrices with rational entries. This form 
of the quantization condition will generalize easily to higher target-space 
dimension. 



For general ki, k 2 , the transformations (27) do not map all integer vectors 
to integer vectors. Only the sublattice 

U 2 X Y^ 2 = Z 1 ' 1 n A^Z 1 ' 1 = k x 1 ® k 2 Z (28) 

is mapped back to Z 1,1 , more precisely to the sublattice 

U^Tfl 1 = Z 1 ' 1 n AZ 1 ' 1 = A; 2 Z © k{L or k{L © A; 2 Z (29) 



9 Strictly-speaking, the matrix A denned in the introduction is fjU 1 1 AU2rj- Henceforth, 
we will absorb the f] by redefining the vector of integer charges. 
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for s = +1 and e = —1, respectively. The index 

ind(A) := indtZ 1 ' 1 n A^Z 1 ' 1 C Z 1 ' 1 ) 



(30) 



of this intertwiner sublattice in the charge lattice Z 1,1 will play a key role in 
what follows. It is convenient to define the projector 



n A l7> := 



if A 7 e IP- 

otherwise 



(31) 



on sectors with charges in this sublattice. Using these definitions and the 
identities [A22I = cosha = | sin(2t?) | — , see (12) and (13), we can put the 



ground state maps (21) in the more elegant form 



T0,bos 

h,2 



ind(A)|A 22 | J2 



|A7>(7|n A 



A ) 



(32) 



7£2 



where ip is some linear form on Z 1,1 . This expression easily generalizes to 
higher dimensions. 

We conclude this section with the following remark: the interfaces dis- 
cussed here can be uniquely specified by the data (A, (p, Ui, U 2 ), where A G 
0(1, 1|Q) while Uj G 0(1, 1|R) determine the bulk radii. Interestingly, in the 



expression (32) for the zero-mode sum only A 22 depends on these bulk radii. 



Furthermore, as explained in reference [9], to any choice of the discrete data 
A and of R2 there corresponds an R±, 



R i — /a (-^2) 




if e = +1 
if e = -1 



(33) 



such that |A 22 | = |sin(2i?)| = 1 and the ^-factor is minimized. Indeed from 



(24), (27) and (33) one can compute A = L^AC/^" = diag(±l,±l), so that 
the gluing matrix for the u(l) 2 currents is a 0(1) x 0(1) matrix. This means 
that these interfaces commute with both, the left and right Virasoro algebra, 
and are therefore topological. For a given A, they exist for any i? 2 , and the 
corresponding interface operators do not exhibit an explicit i? 2 dependence. 

A more detailed discussion of this point in the context of torus models of 
arbitrary target space dimension d can be found in Section |8j 
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3 J\f = 1 supersymmetry 



We will now extend the discussion of the previous section to the Af = (1,1) 
supersymmetric CFT, consisting of a free boson and a free Majorana 
fermion with left and right components if) and if). Interfaces preserving M = 1 
supersymmetry have been constructed in reference [3] . Here we complete this 
construction in the GSO projected theory, where the interface operators can 
have a non-trivial Ramond sector. 



3.1 Superconformal u(l) invariant boundary states 

As a warm up we will first consider the superconformal boundary states of 
the c = 3/2 theory. We limit ourselves to states preserving a«(l) symmetry 
- for a more general discussion see references [36j [37] . Besides the Virasoro 
generators {L n — L_ n , n e Z}, these states are annihilated by the combi- 
nations {G r — ir]sG- r , Vr} of modes of the left and right supersymmetry 
currents. The choice of gluing condition rjs — ±1 specifies which of the two 
possible supersymmetries is preserved. Notice the factor of i in these combi- 
nations; it ensures that the supersymmetry generators anticommute into the 
Virasoro generators that annihilate the boundary state. 

States preserving au(l) symmetry are annihilated by the combinations 
{a n — ECL- n , n e Z} of modes of the left and right u(l) currents. The choice 
of the sign e = 1 or e = - 1 distinguishes between Dirichlet and Neumann 



boundary conditions 10 In combination with superconformal invariance these 
gluing conditions force separate gluing conditions on the fermionic fields. 
Namely, the fermionic modes {if) r — ie if>- r , Vr} with e = erjs also have to an- 
nihilate the boundary state. Having to satisfy gluing conditions for bosons 
and fermions independently, the boundary states factorize into tensor prod- 
ucts of bosonic and fermionic boundary states, 

\B))m = l#»bos ® |8»fcnn • (34) 



The Dirichlet and Neumann boundary states for the boson are well-known 
(see for example [38j [39] and references therein) but we repeat them here for 

10 This is consistent with the notation of the previous subsections since — e can be con- 
sidered as a one-dimensional orthogonal gluing matrix. 
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the reader's convenience: 



D: \+,<p)) 



bos 



/ 1 \ ^ ™ 

nexp(- _„a_„j ( £ a-^| 

n=l x /v N=—oo 



7V,0> 



N : 



■ ¥>» 



bos 



n 



exp a_ n a_ 

n 



i? ^ e- 2iMRv |0,M)) , (35) 



n=l v 7 M=— oo 

where |iV, M) is the normalized ground state in a given momentum and wind- 
ing sector, and the angle tp corresponds, in string-theoretic language, to the 
position of a D-particle on the circle or the Wilson line of a D-string winding 
around it. The ^-factors of the above boundary states, a/R or ^1/2R, will 
be important for our discussion later on. 

The fermionic boundary states are linear combinations of 



|NS,e) 



n 



10} 



NS 



|R,e) 



2 i n. 



,ieip- r x/j-r 



eh 



(36) 



where N denotes the set of positive integers. Our conventions for the fermion 
field are given in Appendix [Aj The normalized Ramond ground states 
form a representation of the algebra of fermionic zero modesP] 



^o|±)r = -^e 



±l7r/4 



T)r 



^o|±)r 



7=2 



=F)r • 



(37) 



The cylinder partition functions associated with the above boundary states 
can be computed using standard techniques. Setting H = L + L for the 
Hamiltonian and q = e~ T one finds: 



((NS,e|g"|NS,e» = q 



II + " 

rSN-1/2 



2r\ 



V 



1/2 



«NS,e|^|NS,-e» = q~* J] (1 - q 2r ) 

rGN-l/2 



6 A 

V 



1/2 



((R,e\q H \R,e)) = V2 q^ + q 2r ) 



ret 



V 



1/2 



(38) 



n Note that the factor i in the boundary conditions is not compatible with the Majorana 
property of the spinor field, which implies that ipo and ipo can be chosen real. It is however 
compatible with the Majorana condition in Euclidean time, ip* — iip r . 
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Here r/ and 6 a denote the familiar Dedekind-eta and Jacobi-theta functions. 
The partition function between Ramond contributions of opposite e vanishes. 

The boundary states of the unprojected fermion theory are the states 
|NS,±)). We are interested in the boundary states of the GSO projected 
theory, which can be thought of as an orbifold by the Z 2 group generated by 
the operator (— 1) F+F . Here F and F denote left and right fermion numbers 
respectively. Since |NS,±)) are invariant under the orbifold group, they 
must be resolved by additional contributions from the twisted sectors - the 
Ramond sector in the case at hand. This gives 

k)) fcrm = -^(|NS,e»±|R,e») , (39) 

with the normalization |Za| 2 = l/y/2 chosen as usual so that the identity 
appears in the direct (open-string) channel with multiplicity one. To obtain 
the boundary states in the orbifold theory, one only needs to project on the 
invariant subsectors, which is done by taking appropriately normalized orbits 
under the action of the orbifold group. 

Since (— 1) F+F anti-commutes with all the fermionic modes ip r and ip r , its 
action is completely determined by its action on the ground states |0)ns and 
\e)u. On the NS ground state it acts trivially, but there are two consistent 
choices on the twisted, i.e. the Ramond ground states: 

(-l) F+i? = I ~ 2 ^9^o 0A _ (40) 
| 2m/w/>o OB 

By reference to string theory, we call the two choices "type OA" and "type 
OB". They are related by the Z 2 duality that exchanges the spin with the 
disorder operator of the Ising model, which is the orbifold CFT. 

The construction of the projected boundary states in orbifold theories 
has been discussed in (30] • One simply sums the images under the action of 
the orbifold group G, and normalizes the result by (|Stabc|/|G|)2, where the 
stabilizer Stabc is the subgroup of G which leaves the original unprojected 
boundary state invariant. It can be seen that in addition to |NS,e)) also 
|R, — )) is invariant under the Z 2 action in the OA orbifold, while |R, +)) is 
invariant in the OB orbifold. On the other hand (— 1) F+F multiplies |R, +)) 
(respectively |R, — ))) by —1. Thus, applying the orbifold construction to the 
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boundary states (39) yields the boundary states 



(charged, ±C m = -L (|NS, -» ± |R, -») , (41) 



|neutral»j£ m = |NS,+) 
for the OA orbifold, and 



(charged, ±))°* m = -L (|NS, +)) ± |R, +))) , (42) 

|neutral))^ m = |NS,-» 

for the OB orbifold. By reference to string theory, we call a boundary con- 
dition charged if it has a non- vanishing R-charge, i.e. if it couples to the 
Ramond ground states. 

Another way of stating this result is that the fermion-parity projection 
eliminates |+)r in the type-OA theory, and |— }r in the type-OB theory. The 
projection also removes the Ishibashi states built on these Ramond ground 
states, leaving three independent boundary states in each theory. Cardy's 
condition [26] fixes the precise linear combinations. 

Indeed, the GSO-orbifold of the free fermionic theory is nothing but the 
Ising model, a well-known rational CFT with three primary fields of confor- 
mal weights h = h = 0,1/2,1/16. Boundary states in this theory can be 
obtained by means of Cardy's construction, which expresses them in terms 
of the associated Ishibashi states as 



/Ish 



spin up: |0» c = ^= |0»i sh + |^»ish + ^Tll^ 

1« 1 ,~„ 1 >1« 1 , 1 



spin down : |-))c 



|0))lsh 




1 


+ 




|0))lsh 


+ 


i 








Ish — 


2' 


/Ish 



Ish — ^T77 T7T/7Ish 



2 //o " v^'2 //lhn 2 1 /4'l6 

spin free : |— )) c = |0)) Ish - |^)) Ish . (43) 

16 2 

The boundary conditions of the Ising spin are indicated on the left. 



One can easily identify the states in (36) with the Ising Ishibashi states 



by comparing the cylinder partition functions. The result is 

|NS,±» = |0» IshT |J» Ish and |R, -)) = 2~i |l)) Ish . (44) 
I 16 
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Thus, the boundary states constructed above are related with the Ising 
boundary states by 



(charged, +))° { £ m = |0»c , spin up , 
| charged, - )) j£ m = | - )) c , spin down , 

| neutral)) ° e ^ m = | — )) c , spin free . (45) 
16 

The charged states correspond to the fixed-spin boundary conditions of the 
Ising model; they have non-vanishing one-point functions with the Ramond 
ground state. The neutral boundary state, on the other hand, corresponds 
to the free-spin boundary condition of the Ising model; its one-point function 
with the Ramond vacuum vanishes. 

Let us now go back to the c = | theory and put together the bosonic and 
fermionic states. In the unprojected theory this gives 

k, V?, ?7s))fuii = |e, y?))bos <S> |NS, £77s)) (46) 



where |e, <^))bos is one of the states (35). After GSO projection, on the other 



hand, on finds for instance in the type OA model 



/ 1 Stctb I 

\£,<P,V9))m = k,V»bos <S \ —\of- l^s))ferm (47) 

V ' ' Za orbit 

= |e, <p)) bo8 <g) \h)) c , (48) 



where |e^s))fcrm was defined in (39) and the orbit sum gives one of the three 
Cardy states of the Ising model, as just explained. 

The supersymmetry preserved by boundary states in the GSO projected 
theories is summarized in table [TJ As shown there, a charged Neumann and 
a neutral Dirichlet state preserve the 775 = +1 supersymmetry in the type 
OA model. The second supersymmetry, rjs = — 1, is preserved by a neutral 
Dirichlet and a charged Neumann state. 

Let us recapitulate all the signs that entered the construction of boundary 
states. The gluing condition of the u(l) current is determined by e, and the 
unbroken supersymmetry by 77s- Together these fix the gluing condition 
e = erjs of the fermionic field. If the Ishibashi state implementing this gluing 
condition in the Ramond sector survives the GSO projection, the boundary 
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Dirichlet 


Neumann 


charged 




+ 


neutral 


+ 





Table 1: The value of r/s determining which superconformal symmetry is preserved 
by boundary states of the c = | type-OA model. The boundary states are tensor 
products of a Dirchlet or Neumann boundary state for the boson with a fermion 
state in (41) or (45). Charged states are doubly-degenerate. In the type-OB theory 
the sign of rjs has to be reversed. 



state is charged - i.e. it has non- vanishing overlap with the Ramond ground 
state. If it does not the (superconformal) boundary state is neutral. 

We close this subsection with two remarks. First by analogy with the 
g-factor, which is the projection of a boundary state on the NS ground state, 
one can define the Ramond charge(s) as the projection onto Ramond ground 
state(s). In the case at hand, these two quantities are related in a way remi- 
niscent of a BPS condition for supersymmetric D-branes. There is however no 
space-time supersymmetry in the present context; the relation is accidental 
as will become clear later. 

The second remark concerns the cylinder partition function. It can be 
checked that for any two boundary states preserving the same superymmetry, 
i.e. with the same r/s, this partition function is finite in the limit r — >• 0. The 
singular behavior in the bosonic sectors is exactly cancelled by terms from the 
fermionic sector. The generalization of this fact to superconformal interfaces 
will be important in the discussion of fusion. 

3.2 Supersymmetric u(l) 2 invariant interfaces 

Similarly to boundary conditions, also superconformal interfaces between two 
M = (1,1) circle theories which preserve a w(l) 2 current algebra factorize 
into separate interfaces between the bosonic and the fermionic parts of the 
theories. The bosonic interfaces have been discussed in Section |2j Here 
we will construct the fermionic interfaces. Again, several signs enter the 
discussion which require particular care. 

The most general intertwining of the superconformal generators depends 
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on three signs, which can be organized conveniently as follows [3]: 



(Gl - i V l & r )I 1>2 = V I h2 (G 2 r - i V 2 s G 2 _ r ) . (49) 

Here ?7g,?7g = ±1 define the unbroken supersymmetries of the bulk theories, 
while the overall sign rj = ±1 accounts for automorphisms of the M = 1 
algebra. Given a defect operator ii,2 implementing the gluing condition for 
a given rj, the defect operators (— l) Fl+Fl / 1)2 and 7 1>2 ( — l) F2+F2 satisfy gluing 
conditions for the opposite rj. They can be regarded as fusion products of 
the defect with the topological defects associated to (— l) Fi+Fi . 

For any given interface the values of and r?g are fixed, whereas in order 
to implement the GSO projection both signs of 77 have to be taken into 
account. 

Equation (49), together with the gluing conditions ^ for the bosonic 



modes, imply the gluing conditions 



for the fermions. Here A is the same 0(1, 1) matrix as for the bosons. To 
lighten the notation we absorb the various signs in a Lorentz matrix for the 
fermion fields, 

in terms of which the gluing conditions take the simpler form 

_$J '■»='»**( Ik)- < 52 > 

Folding CFT2 as in Section[2]amounts to applying the time-reversal trans- 
formation (V ; *5 ^*)^7°5 where the right-hand side is evaluated at 
time — t. Spelled out in terms of the modes this reads 



1.2 



12 We have fixed the arbitrary phase of the transformation so as to leave invariant the 
Wick-rotated Majorana condition ip* = iip r . 
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Notice that this operation exchanges the type-OA with the type-OB models, 



c.f. (40). The commutation relations (50) turn into the boundary gluing 



conditions 



4> 2 -r 



J 1 ( ?» = : 



(54) 



where the orthogonal matrix Op is related to Ap as in equation (10). Notice 



for future reference that nipping the sign of Ap changes the sign of the off- 
diagonal blocs of Op, that is it conjugates this latter matrix with the matrix 
diag(+l,-l). 



The general solution to (54) is a linear combination of boundary states 
in the NS and the R sectors: 



|NS,O f 



n 



-t(Op)yVi r V'- 



( " ' "•' ' ' "-|0)ns 



\R,O f )) = Y[V2e- i{ ° F) ^-^-r\0 F ) 



(55) 



(56) 



reN 



where |C?f)r is a normalized Ramond ground state, which depends on Op in 
a way that we will specify. 

Note that mixed-sector interfaces, with CFT1 in the NS sector and CFT2 
in the R sector or vice versa, are only compatible with supersymmetry if the 
two sides in equation (49) vanish separately. Such interfaces are totally- 



reflecting, and we will not consider them here. 

The Ramond ground states in the folded theory represent the algebra of 
the zero modes ip J and —iip J Q - This is the Clifford algebra of IR 2,2 , so these 
states transform as a four- component 0(2,2) spinor. The gluing conditions 



(54) for the zero modes yield two linear constraints, which therefore deter- 



mine uniquely the ground state |0f)r- We can construct this state more 
explicitly starting with the identity matrix, Op = 1. The conditions (54) in 
this case imply that |1)r is the (normalized) pure-spinor state: 



r+ |i)r 



o 



where 



i def 

7± = 



V2 



ip J Q ± i^l 



(57) 



Using the same notation as in (37) we can write |1)r = | + +)r , where the 
two chiralities refer to the decomposition 0(2,2) D 0(1, 1) x 0(1, 1). The 
general Ramond ground state is obtained by a spinor rotation: 



|C F ) R =S(O f )\1) r 



(58) 
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where S{0) denotes the spinor representation of O considered as an element 
of the 0(2) subgroup of 0(2, 2) which only acts on the left part of the spinor 
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That (|58j) indeed enforces the required gluing conditions on the zero modes 
follows from the identity: 



(59) 



where we use the fact that y/2ip l obey the Clifford algebra of IR 2 , and are 
thus represented by the gamma matrices of 0(2). 

We can give an even more explicit form of the state (58 ) by first expressing 
S(O f ) in terms of the 0(2) generator iip^ipQ, then using the fact that 7+ 
annihilates |1)r . For instance, if O f is a pure rotation by an angle 2d this 
operation gives 



\O f ) r = (cos 1 + 2 sin d VoVo ) I + +>R 



cos d I + +)r + smd 



COS 



d e tan ^- I + +) R . 



(60) 



In case O f is not continuously-connected to the identity, we decompose it as 
a rotation by an angle 2d times a reflection (of say direction 2). Using the 
reflection in spinor space, this gives 

\O f ) r = cos0e tan ^+| + -) R . (61) 

One can obtain these formulae in a different way, which easily generalizes 
to higher dimensions, by formulating the gluing conditions (54) of the zero 
modes in terms of the 7-1- : 



74 
7^ 



7- 
l 2 - 



|0F>R = O. 



Here, T is the antisymmetric matrix defined by 

O f = (1 + ^)- 1 (1-^) ^ F=(1-O f )(1 + O f )- 1 



The normalized solution of equations (62) then reads 

1 



\O f } r = [det(l- F)]-*exp --T 3 a-1°- |1)r- 



(62) 



(63) 



(64) 
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Because this subgroup is compact, |Of)r is also a normalized state. 
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This expression is again only valid when Op is in the identity compoment of 
0(2). If detOp = — 1, one of its eigenvalues is —1 and the denominator in 



the right-hand-side of (63) is zero. In this case, we write Op as a continuous 
rotation times a reflection. The effect of the latter is to replace |1)r by a 
pure spinor of opposite 0(2,2) chirality. 



Like their bosonic counterparts, also the fermionic boundary states (55) 



and (56) can be unfolded to defect operators using the behavior (53) of the 
fermionic modes under folding. The result can be formally expressed as 
products rir>o ^i.2° rm ^i 2 Crm °f exponentials, where 

JjJ™ = expf-iiplrOutilr + ipl r 12 ip 2 r + $L r O\$l + i^O\^\ (65) 

with modes of CFT1 and CFT2 acting respectively on the left and right of 
maps on the fermionic ground states. The matrix O in this expression is the 
one pertaining to the fermions, Op, but we have dropped the subscript F to 
uncharge the notation. Since the NS ground state is unique, the correspond- 
ing map is trivial: 

H°>nsns<0|. (66) 

The story is less trivial in the Ramond sector where the zero-mode map 
can be written as 

ig* = VI sin(20)|i; a £(A P ). (67) 

Here S(A-p) is the spinor representation of the 0(1, 1) matrix Ap, and tf 2 is 
the isomorphism between Ramond ground states of CFT2 and CFT1, 



1,2 



I+)rr(+I + HkU-I • (68) 



That (67) is, up to normalization, the correct map follows directly from the 



gluing conditions (52) for the zero modes, and from the 0(1,1) invariance 



of the gamma matrices. To fix the normalization, one can unfold for in- 



stance the ground state (61), which corresponds to a gluing matrix Ap of 



unit determinant. Using the fact that |±)r unfolds to r(=f|, as dictated by 



the unfolding (53) for the zero modes, one finds 



\O f ) r ^ costf|+)U(+l + sim?|-)UH = V ^l 2 S '(A F ) . (69) 

The second step follows from the fact that detS , (A F ) = ±1 for $ G [0, ±vr/2]. 
Indeed, as was explained in Section [2j the matrix Ap corresponding to a 
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rotation angle $ 6 [0, ±7r/2] has the property that ±A F is continuously con- 
nected to the identity. Thus det5'(±Ap) = 1, and since S(— 1) = (o -i) we 
deduce that detS , (Ap) = ±1 as claimed. Multiplying by an extra \/2 from 



(56), gives the normalization of the zero-mode map in (67) 



3.3 Fermion-parity projections 

Let us take stock of the results of the previous subsection. For any choice 
of the bosonic gluing matrix A, or of its orthogonal counterpart O, and 
for any choice of the supersymmetry signs r],r) J s , which enter in the gluing 



condition (49), we have constructed the fermionic boundary states |NS, Op)) 
and |R, Op)) that implement these gluing conditions in the Neveu-Schwarz 
and Ramond sectors. Unfolding yields the corresponding interface operators 

a n 2 s = n At rm A° 2 Ns > and =nAt rm A° 2 R - (70) 

rSN-i reN 

In the unprojected theory there is only a NS sector, so the complete interface 
operators read 

l{f(A, <p, 4, r,) = J*-(A, ip) ® jg(A P ) . (71) 

We will now implement the fermion-parity or GSO projections, which add a 
twisted (Ramond) sector to the interface operators. 

This is similar to the discussion of the projection of boundary states in 



Section |37L) The only difference is that now we have to project in both CFT1 
and CFT2 separately. Thus, we have to take a Z2 x Z2 orbifold, and we have 
four possible projections given by the choice of OA or OB orbifolds in each 
of the two CFTs. We distinguish these possibilities pairwise by defining the 
new sign 

, f+1 if CFT1 and CFT2 are of same GSO type, , . 
C = { (72) 
1—1 if CFT1 and CFT2 are of opposite type. 

In the following discussion we will perform the projection on the boundary 
states in the folded picture. For this it is important to recall that under 
folding of CFT2 OA and OB models are interchanged. 

We will perform the orbifold in two steps, first by projecting with respect 
to the diagonal Z2 generated by (— 1) F+F := (—1)^1+^1+^2+^2 anc | then by 

projecting with respect to the remaining Z2 generated by (—l) Fl+Fl . 
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The operator (— 1) + leaves the NS state invariant. Hence, as in Section 
3.1|we resolve it by the addition of the twisted, i.e. Ramond-Ramond sector: 



\O f , ±)) ferm = ±= (|NS, O f )) ± |R, O f ))) . (73) 

Next, we have to implement the GSO projection. Since (— 1) F+F commutes 
with the exponentials in (55) and (56), its action on the boundary state is 
determined by the action on the respective ground states. Using (40) one 
finds 

(-l) F+i? |NS,C F )) = |NS,C F )) 

and (-1) F+ ^|R,C F )) = -CdetC F |R,C F )) , (74) 

where in the Ramond case, up to the factor —( which comes from the choice 
of orbifold and the folding, (— 1) F+F is the chirality of the ground state spinor 
which equals the determinant det(Op). 

We thus_see that the Ramond contribution to a boundary state survives 
the (-1) F+F projection if det(C F ) = -det(A F ) = -^?7§det(A) = -£ or 
equivalently if 

e = V l S ril{- (75) 

When this condition is satisfied the interface has a non-trivial R component 
- we say that it is "charged". Otherwise the interface is "neutral", i.e. it 
projects out all the Ramond states. 

The situation is summarized in Table |2j For any choice of theories on 
either side, and for any choice of the preserved superconformal algebras, there 
exists both a (doubly-degenerate) charged interface with e = detA obeying 
the condition (J75]) , and a neutral interface that violates this condition. We 
have assumed in the table that CFT1 and CFT2 are of the same type, so 
that ( = +1. Thus r/gr/g equals e in the charged case, and — e in the neutral 
one. For theories of opposite type the signs are reversed. 

The resulting boundary states in the projected theory arise by taking 



the appropriately normalized orbits of (73) under the orbifold group, c.f. the 



discussion in Section 3.1 This yields 



\O f ; charged, ±» ferm = (|NS, O f )) ± |R, O f ))) if detO F = -£ 

and 1 F ; neutral)) ferm = |NS,C F )) if detC F = ( . (76) 
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Dl 


D2/D0 


charged 


+ 




neutral 




+ 



Table 2: The value of f?gf?g that determines which superconformal algebras are 
preserved by an interface between two theories of the same type (both type-OA 
or both type-OB). The geometric interpretation of the folded boundary condition 
depends only on e, as discussed in the previous subsection. 



When combined with bosonic boundary states, the above states correspond 
to GSO projected superconformal boundary conditions in c = 3 SCFTs. The 
sign ( determines whether these c=3 theories are of type OA or type OB. 
However, such states do not unfold to proper interfaces among local theories, 
because the operator (— 1) F+F is a non-local operator after unfolding. In 
order to obtain proper interfaces between separately GSO projected theories 
one has to perform _the remaining non-diagonal Z2 orbifold, generated for 
instance by (— l) Fl+Fl . 

This second orbifold operation is simple if we exclude perfectly-reflecting 
defects, i.e. those for which O is a diagonal matrix. Namely, the orbifold 
acts freely on the boundary states: 



NS or R, 0{A F ))) = |NS or R, 0(-A F ))) 



(77) 



as follows from the definitions (55 ) and (56 ) of these states, and the fact that 



0{A F ) = 0{-A F ) only if O is diagonal (c.f. equations (JlOjl and ([II])). Fur- 
thermore, twisted sectors of this second orbifold would correspond to having 
CFT1 in the NS (R) and CFT2 in the R (NS) sector. As mentioned already 



in Section 3.2, such sectors are only possible for perfectly-reflecting defects, 
which we do not consider here. Thus, the second orbifold construction simply 



gives 



|0;any)) proj 



fcrm 



1 

71 



(\0(A F ); any)) ferm + \0(-A F ); any)) 



fcrm J 



(78) 



where "any" denotes the three possibilities in (76). Note that to avoid cum 



bersome notation, we do not indicate here the dependence on rf s , even though 



14 Actually, there is an overall sign in the R sector which determines whether CFT1 is 
type OA or OB. Since S(0) is only defined up to a sign for given O, we can always absorb 



the above overall sign by defining the Ramond states such that the relation ( 77 ) holds 
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these signs determine whether the interface is neutral or charged. 

Let us collect our results. The complete projected interface operators for 
given GSO types of CFT1 and CFT2 can be written as: 

J**(A, <p, 4) = l£(A, ip) ® /g m (A, vl) , (79) 
where the fermionic interface is charged if det A = CVsVs '■ 

A fe 2 m ' C± (A, Vh) = \ (A N 2 S (Af) ± l£,(A F )) +( V ^ - V ) , (80) 
or neutral if det A = — C^s^s 1 

iiP n Ms) = ^ A n 2 s (Af) + (v -> -v) • (81) 

From these normalizations, and taking into account that the NS ground state 
contributes equally for the two values of 77, one finds the following relations 
for the g-factors of the projected interfaces: g = gh os in the charged case, 
and g = \/2 <?bos in the neutral one. 

For applications to type-II superstring theory separate GSO projections 
for left- and right-moving fermions have to be imposed. This introduces 
additional twisted sectors - mixed NS-R and R-NS sectors of CFT1 and 
CFT2. Following the same logic as above, only interfaces which commute 
with the action of (— 1) F acquire intertwiners for these mixed sectors; all 
other interfaces map the NS-R and R-NS states of CFT2 to zero. 

Interfaces commuting with (— 1) F cannot mix the left and right worldsheet 
fermions, i.e. the fermion-gluing matrix Ap and by supersymmetry also the 



gluing matrix A for the bosonic currents, c.f. (51), have to be elements of 
0(1) xO(l). Hence, such interfaces are topological. In [27] it was argued that 
in the Green-Schwarz formulation space-time supersymmetric interfaces are 
either topological or totally reflecting interfaces. In the NSR formulation, on 
the other hand, the topological property follows from the requirement that 
the interfaces do not project out the mixed NS-R and R-NS sectors, which 
correspond to space-time fermions. 

4 Fusion and the defect monoid 

We now turn to the computation of fusion of the supersymmetric interfaces 
constructed in the previous section. The fusion of u(l) 2 preserving bosonic 
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interfaces between circle theories has already been calculated in [9] . Because 
of a divergent Casimir energy this operation is in general singular, and re- 
quires regularization and renormalization. Only when one of the interfaces 
is topological, meaning that it commutes with both left and right Virasoro 
algebras, fusion is finite. In this section we extend the analysis of [0] to the 
supersymmetric case. As anticipated in [3J, M = 1 supersymmetry renders 
the fusion of these free-field interfaces non-singular, because the divergent 
Casimir energies of bosons and fermions cancel outpM 



4.1 Classical versus quantum 

Consider three conformal field theories (CFT3, CFT2 and CFT1) on the 
cylinder separated, at r = and r = 5, by interfaces I23 and I\2- Fusion 
amounts to shrinking the middle region to zero size 5 — > 0, so that CFT1 
and CFT3 are separated by a new local interface which we denote I\i J 23 . 
This is shown schematically in figure [TJ 

On the level of classical gluing conditions fusion amounts to multiplication 
of 0(1, 1]R) matrices. Indeed, let A and A' be the gluing matrices for the 
left and right u(l) currents imposed by the interfaces J23 and J12, so that 



-a 1 , 



A' 



-~a 2 , 



and 



A 



Taking 8 — > leads, by continuity, to the gluing condition 



-at. 



r=0 

(82) 



-a 1 



A'A 



=5=0 



(83) 



Likewise for the fermions, fusion leads to the gluing condition 



-i-nl ^ l _ r 



rfr) A'A 



=5=0 



(84) 



provided the two interfaces preserve the same supersymmetry in the middle 



region, so that the factors of rjg cancel out, c.f. equations (51) and (52). In 
the sequel we will always assume this to be the case. 



15 In interacting SCFTs, or for more general boundary conditions, the interface self- 
energy is not the only potential counterterm. In principle, logarithmic divergences are 
allowed by J\f = 1 supersymmetry and cannot in general be excluded. 
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CFT1 



CFT2 



CFT3 




> 
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CFT1 



CFT3 



-^13 — Il2 © ^23 



Figure 1: The fusion of two interfaces corresponds to taking the size, 5, of the 
middle region to zero. Only the r axis is drawn in the figure. The a coordinate 
parametrizes either a circular space, or a periodic Euclidean time. 

In the quantum theory, fusion is denned by the composition of interface 
operators, which, as alluded to above, requires regularization. One defines 



where H = L + L is the Hamiltonian of CFT2. 1Z$ denotes the renormal- 
ization procedure which, by the usual arguments of quantum field theory, 
can be achieved by local counterterms. For the superconformal interfaces we 
study here, fusion turns out to be finite without renormalization, so that the 
symbol 1Z$ can be omitted. 

Although the gluing conditions still compose according to multiplication 
in 0(1, 1|M), fusion of the quantum interfaces is much more subtle. Firstly, 
as we have seen in Section |2j the quantization of the u(l) charges restricts 
the gluing matrices to lie in dense subsets of 0(1, 1|R) which are isomor- 
phic to the rational subgroup 0(1, 1|Q). Furthermore, in order to respect 
charge quantization the interface operators have to project to sublattices of 
the charge lattice, while the remaining sectors are projected out. If this sub- 
lattice is a proper sublattice, the respective interface is not invertible. As 



(85) 
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a result, the classical 0(1, 1|R) group is replaced in the quantum theory by 
a semi-group. Moreover, quantum interfaces can be superposed, i.e. the as- 
sociated operators are added. In particular the superposition of interfaces 
with different values of the classically irrelevant moduli <p can give rise to 
non-trivial effects. 

For all these reasons the algebraic structure of quantum interfaces is richer 
and more interesting than that of their classical counterparts. This will be 
discussed in the rest of this paper. 



4.2 Intertwiners for non-zero modes 



We will perform the fusion (85 ) of the superconformal interfaces by separately 



composing the bosonic and fermionic interface operators. According to ( 22 ) 



and (70), these latter can be written as tensor products of maps on the 



different frequency sectors of the (free) CFTs: 

h,2 = J] ^2 A°2 = AVi°2 • (86) 

n>0 

As derived in Section [3] the J™ 2 forn > can be expressed as exponentials of 



quadratic expressions of the bosonic, respectively fermionic, modes, c.f. (20) 



and (65). We recall that operators of CFT1 act on the zero-mode part from 
the left while the operators of CFT2 act from the right. 

In order to obtain (85 ), we first calculate Ii 2 e ~ SH ^2 3 f° r the tensor factors. 



The bosonic expressions can be evaluated along the lines of [§]. Pushing 
the Hamiltonian in the product J 1 n 2 boh e~ <5i? / 2 Tl 3 bos to the left multiplies the 

oscillators and in I™2° s by a factor e~ Sn . Furthermore, the oscillators 
of CFT1 and CFT3 commute with every other operator in this calculation, 
and can be treated as c-numbers. This leaves us with the ground state matrix 
element of exponentials that are either linear or quadratic in the oscillators 
of CFT2. The identity 

exp (J^ va nj f{a-n) = /(a-„ + w)exp (^ va nj , (87) 

valid for any analytic function / and any commuting operator v, allows us 
to push to the right in the matrix element all linear exponentials. We can 
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then rearrange the quadratic terms with the use of the identity 



16 



(01 exp f — a n M' a n ) exp ( -a_„Md_ 
\n J \n 

= (0| det(l - M'M T )~ 1 exp f ^On(l - M'M T )- l M' h^j . (88) 

Finally, pushing the ensuing quadratic exponential through the linear terms 
on its right, and doing some straightforward algebra, leads to the following 
result for the product p] 

I^°\0')e- 5H qt\0) = det(l - e- 2nS O xl O' 22 )- x I$ 0B (0" \e~ 5n )) , (89) 
with 

n"(<r\ - ( C" 11 +x 2 0' 12 (l^x 2 11 0' 22 )- 1 11 0' 21 xO' 12 (l~x 2 11 0' 22 )- 1 12 
^ \ X ) — \ x0 2 i(l~ x 2 0' 22 11 )- 1 0' 21 2 2 +x 2 2 i(l-x 2 , 22 11 )- 1 0' 22 1 2 

(90) 

Collecting all the positive-frequency contributions of the bosonic intertwiners 



to (85) we obtain 



I>} XO')e~ m Ilt\£>) = n det ( X - e- 2<5 ™OnO / 22 )- 1 / 1 n 3 bos (0 // (e- <5 ")) . 

n>0 

(91) 

In the limit 5 — > the matrices 0"(e 5n ) converge to the orthogonal matrix 



associated via ( 10 ) to the product of the gluing conditions A' and A, 

0"(e- 5n ) ^ C(A'A) . (92) 

The product of determinants, on the other hand, exhibits a singular behavior 
in this limit due to a divergent Casimir energy [9]. 

Repeating the calculation for the fermionic intertwiners yields 

I$ m {0')e- m I$ m {0) = det(l - e- 2r5 O u O' 22 ) llf m {0" {e~ 5r )) , (93) 

which combines to 

l>( exm {0')e- m ll( e rm ((9) = Yl det(l - e- 25r O n O' 22 )Ilf m (0"(e- 5r )) (94) 

r>0 



16 The manipulations in this subsection are valid if the currents, and their modes a n and 
a„, are d-dimensional vectors, so that M' and M are matrices. 

17 For the calculation we will indicate the dependence of the interfaces on the orthogonal 
matrices O = 0(A) instead of the 0(d, d)-matrices A. 
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for the positive- frequency contributions to the fusion (85 ). The useful fermionic 

(95) 



identities, analogous to (87) and (88), are 

= f(ip- r + x) exp (xi> 



exp (xA) /(V>-r) 

for x an operator anticommuting with the fermionic oscillators, and 

(0| exp (i[) r M' ipr) exp (ip_ r M ip- r ) 
= (0| det(l - M'M T ) exp U r {l - M'M T )~ 1 M' $ r 



(96) 



Note that the determinant factors in expression (94) appear with opposite 
exponent as the ones in the corresponding bosonic formula (91). 

When composing two superconformal interfaces, one should replace the 
matrices O' and O in the expression (94) by the fermion-gluing matrices 
0' F and O f . Nevertheless, the determinant that enters in the formulae for 
the bosons and fermions is the same. Indeed, let (?/, T]g, rjg) be the signs 
associated with ii 2 , and (t],t]q,t]q) those associated with / 23 , c.f. (51). Then 
from (10) we find: 

o F 

and 



0(A l 



rjl A12A22 1 V A n~V Ai 2 A 22 lA 2i 



VViVs A 



22 



-^S A 22 A 21 



(97) 



0' F = 0(A' F 



21 



irtlrg (A' 2 



22 1 



-4 (A 22 )-^ 



21 



(98) 



It follows from these expressions that (Op) ii(0' F ) 22 = OiiO' 22 , i-e. all the 
supersymmetry-related signs cancel in this particular combination. Crucial 
for this to happen is the assumption that the interfaces preserve the same 
supersymmetry in the CFT2 region between them, i.e. that the same sign rj^ 
is chosen for both 1 12 and J 2 3. 

Let us finally put together all the positive-mode bosonic and fermionic 
intertwiners 

K2 = lit" ® ^2 f0mi • (99) 
In the Ramond sector, where the fermionic-mode frequencies r are integer, 
the determinant factors in (94) exactly cancel the ones from the bosonic 
intertwiners (91). Thus, one can take the limit 8 — > to obtain 

I> 2 (A\ V \ V l, V l)I>(A, V , V l V l) = I>(A'A, VV \ V l, V ^ R sector. (100) 
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In the NS sector, on the other hand, the r are half integers, and the 
determinant factor from the bosonic sector is not cancelled by the one from 
the fermionic sector. However, its singular behavior for 8 — > does cancel. 
This can be seen with the help of the Euler-Maclaurin formula, which implies 

lim^o J2 F ( e ~ 2Sn ) = x / dxF(e- 2 *) - -F(l) + -F'(l) + 0(8 2 ) , 

n>l ^° 

limw J2 F (e~ 2Sn+5 ) = -J dx F{e~ 2x ) - -F'(l) + 0(5 2 ) . (101) 

n>l ^° 



for any function F vanishing analytically at the origin. Substituting F(z) = 
In det(l — zO nO'22) one finds 

/> 2 (A', r/, 4, V 2 S ) /> 3 (A, v , V 2 S , 4) = (102) 
Vdcta - OuO'n) lis (A'A, r/'77, ^, r/|) NS sector . 

The NS fermions precisely cancel the divergent Casimir energy of the bosons. 
The final answer for the composition of oscillator intertwiners in the NS sector 
is identical to the renormalized one in the purely bosonic model [5]. 

4.3 Zero modes and the defect monoid 



It follows from (100) and (102) that the composition of positive-frequency 
parts of the interface operators is consistent with the one in the classical 
theory, which is given by group multiplication. In other words, if (A, 77) and 
(A', 7]') are the data that determine the positive- frequency parts J^ 3 and /f 2 , 
then the data in the positive-frequency part of Jx 3 = h i2 ©/ 2i3 is (A'A, 7]' 7]) F 
The only subtlety is the appearance of the determinant in the NS sector. As 
we will see, this is precisely what is needed in order for the g-factors to 
compose as they should. 

Consider first the unprojected theory, where the interface operators are 



those given in (71). The identity maps (66) between NS-fermion ground 
states compose trivially, 

Ilfllf = Ilf . (103) 



18 Without loss of generality, we will from now, and till further notice, set all the signs 
773 to +1, i.e. we will assume that the unbroken supersymmetry is given by the same 
combination of left and right supercharges in all CFTs. 
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To complete the calculation of (85) we therefore only have to compose the 



bosonic ground state maps ( 32 ). iC simple calculation gives 



jo.bos^bos = / (A/) J2 e 2 ^'«')|A'7')(7'|n A , \g(A) £ e 2 «>|A 7 >( 7 | U A 




762 

e^v'm+vm |A'A7)(7|n A , A n A , (104) 



7£ 



where (7(A) = y ind(A)|A 2 2| is the ^-factor of the interface. The result looks 
like the ground state map for an interface with gluing matrix A'A, except for 
two important differences: (i) in general g(A')g(A) 7^ g(A'A), and (ii) there 
is an extra projector, IT A , in addition to the projector IT A , A . 

Concerning the normalization, note that the product of g-factors should 
be multiplied by the determinant from the composition of the positive- 



frequency parts, c.f. equation (102). In the case at hand from (12) and 



(13) we find On = tanha and 0' 22 = e'tanhcV, so that the product of the 



determinant and of the two ^-factors yields 

y/detjl -OnOQg iA'MA) (105) 
I k\ k 2 k\ ki I \/(l + e'tanha'tanha)(cosha'cosha) 



= Vlfci^fci^lVcoshCa + eV) = J IM^M ^a") . 

y ind(A") 

In the last step, we used that cosh(a + eW) = jA^I where A" = A'A. Thus, 
if ind(A") were equal to {k^k^k^l, we would precisely obtain g(A"), i.e. the 
g-factor of an elementary interface with gluing matrix A". 

In general, however, ind(A") 7^ {k^k^kik^ so that the fusion of two simple 
interfaces is not a simple interface, but rather the sum of several simple 



interfaces,^ To see this let for example A' = A -1 , so that the composition 
of gluing matrices is the identity matrix, A" = 1. Let also CFT1 and CFT3 
be the same conformal theory, so that the interface I 12 is the "would-be 
inverse" of the interface 12,3. Clearly, in this case k\jk! 2 = k2/k\ since A' is 
the inverse of A. For simplicity we set (p' = (p = 0. The ground state map 



(104) multiplied by the determinant from the positive-frequency modes then 



19 We adopt here the language of reference [7J, and call "simple interfaces" those that 
cannot be written as the sum of two other interfaces. 
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gives 

ki,k 2 

1^1%= e 2wi( ^ + ^? ] \N,M)(N,M\ , (106) 

N,M n,m=0 

i.e. the sum of Ifci^l identity interfaces, with phase moduli arranged in a 
periodic array so as to implement the projection on the charge sublattice 
k{L © h-iL. Only for \k\\ = \k 2 \ = 1, i.e. if A G 0(1, 1|Z), does fusion yield 
the identity interface. For all other A e 0(1, 1|Q) the projector is non-trivial, 
and the corresponding interface operators cannot be inverted. 

The algebraic structure of u(l) 2 preserving interfaces in the unprojected- 
fermion theory is the same as in the purely bosonic theory (9j [H] , modulo a Z2 
that changes the sign of the fermion field. To describe this algebraic structure, 
we first note that two interfaces can only be added if they separate the same 
CFTs. They can only be fused if the CFT to the right of the first interface is 
the same as the CFT to the left of the second interface. These conditions are 
automatically obeyed if we restrict attention to interfaces between identical 



CFTs. We will call such interfaces "defect lines" E3 Two defects in the 
same CFT can be always added and fused, and fusion is distributive over 
addition. If we also allowed subtraction, these defects would form a ring. But 
subtraction is not a physical operation since negative g-factors correspond 
to imaginary entropy. So the set of defects is a monoid (or semi-group) with 
respect to both, addition and fusion. 

The monoid of conformal defect lines is independent of the continuous 
moduli of the underlying CFT. This can be seen by fusing from both left 
and right with special invertible interfaces (called "deformed identities" in 
[9]) which parallel transport the CFT along the connected components of its 
moduli space [23]. In the case at hand, these are the interfaces with A = 1, 



ip = and 77 = 1 in the notation of Section 2.2 

Any m(1) 2 preserving interface between circle theories can in this way be 
converted to a w(l) 2 preserving defect line in any given circle theory. Since 
this latter is irrelevant for the algebraic structure of the defects, we do not 
have to indicate it explicitly. We therefore parametrize the simple defects by 
(A, ip, rj), where the gluing matrix A 6 0(d, 



The fusion of any two defects can always be written as the sum of simple 



20 



In the literature the term "defect" is used interchangeably with the term "interface" . 
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defects. The rule for two simple defects reads 



(A', </?', rf) (A, <p, rj) = ^ (A'A, </, r/rj) 



(107) 



where the sum runs over an array of K linear forms on the sublattice that 
is projected out by n A , A . These forms have the following property: their 
exponentials are independent functions which, when restricted to the (in 
general smaller) sublattice projected out by n A , A II A obey 



e 27iV'(7) = g2vrV(A7)+^(7) 



when n A , A IT A |7) = |<y) 



108) 



If we parametrize the matrices as in (27), with (k±, k 2 ) and (k[, k' 2 ) coprime 



integers, then the number K of terms in the sum is given by 



K 



gcd(A;ifc' 1 , k2k' 2 ) , detA 
gc&(k\k' 2 , k 2 k' 1 ) , detA = 



(109) 



The above rules determine completely the u(l) 2 preserving defect monoid in 
the non-GSO projected theories. 

Consider next the GSO projected theories. Instead of the fermion sign 77, 
elementary interfaces are now characterized by their R charge: they can have 



charge ± or be neutral, c.f. expressions (\79\j 
Section 



3.3 



(80) and (81). As discussed in 



an interface is charged if £ det A = £ det A = + 1 and it is neutral 
if (det A = —1, where ( = ±1 distinguishes whether the GSO projections on 
both sides of the interface are taken to be the same (+1) or opposite (—1). 
If we insist that the GSO projection on both sides be the same, i.e. ( = 1, 
then the choice of A and the R charge are correlated. 

When fusing the projected interfaces, one has to compose separately the 
NS and the R components of the interface operators. In the NS sector, 
the calculation only differs from the one in the unprojected theories by an 
additional normalization factor 1/2 for the charged interfaces and 1 / \/2 for 
the neutral ones. For simplicity, we suppress the dependence on phase moduli 
(p, which is the same as in (107). Fusion of the NS components can be 
described by the following rules: 

(A', charge ±)©(A, neutral) = (A', neutral)©(A, charge ±) = K( A' A, neutral) , 



(A', neutral) (A, neutral) = K (A'A, charge +) + (A'A, charge 
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(A', charge s') (A, charge s) = K(A'A, charge ss') . (110) 

Here K is the number of elementary defects with phase moduli in an appro- 
priate array, as discussed for the unprojected theory above. 

Note that only in the third line do the R sectors actually contribute to 
the fusion product. The neutral operators in the second line have of course 
no R-sector terms, consistently with the fact that on the right-hand-side of 
the equation one sums over interfaces with opposite R charge, so that the 
R-sector operators precisely cancel. 



To verify that the R-sector operators compose as in the third line of ( 110 ) 



recall the expression (67) for the ground state maps, and the expression 



for the defect (/-factor (which can be found in (21)). Combining these two 
expressions one finds 

ff (A0Jj£(A0*KA)iJ?(A) = yf\hhm\il 3 S(A'A) 

= Kg(A'A)I° 1 f(A'A) . (Ill) 

Recall furthermore that there is no determinant from the positive-frequency 
modes in the R sector, where the bosonic contribution exactly cancels the 
contribution of fermions. Finally, I± 2 has a coefficient 1/2 in the full expres- 



sion (80) for the interface operator, and we must sum over the two possible 



values of rj. Putting all these facts together one finds that the R-sector 



operators compose indeed as indicated in the third line of (110). 

The u(l) 2 preserving defect algebra in the GSO projected c = 3/2 theory 
can be described more succinctly as follows: it is the tensor product of the 
m(1) 2 preserving defect algebra in the bosonic c = 1 theory, tensored with 
the fusion algebra of the Ising model. The latter reads 

exe = l, e x a = a , a x a = 1 + e . (H2) 

Identifying 1 and e with the two charged interfaces, and a with the neutral 



interface, reproduces precisely the pattern (110) in the fermion sector. 

This is not a coincidence. The conformal defects of the Ising model, 
analyzed in [201 121 13 [22], can be described in our language by the data 
(A, a)i sing , where a € {1, e, a} labels the R charge in the way just described, 
A and —A correspond to identical defects, and detA = +1 for charged defects 
and —1 for the neutral ones. One may compute the fusion of these defects, 
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without associating them necessarily to the bosonic field, by subtracting the 
divergent Casimir energies as in [9]. The result is 

(A', a')isin g (A, a)isin g = (A'A, a x a)i sing , (113) 



where a' x a is given by (112) and the sum of Ising primaries indicates in 
the above equation the sum of the corresponding interface operators. 

The defect (A, a)i sing is topological if and only if A e 0(1) x 0(1). The 
topological defects of the Ising model are known to be in one-to-one cor- 
respondence with primary fields, and their fusion algebra is the Verlinde 
algebra [2]. This provides a consistency check of the more general analysis 
presented here. 



5 Topological interfaces as quasi- symmetries 

The defects described in the previous sections are specified by the following 
data: the moduli of the bulk CFT, i.e. a radius R\ = R 2 , the gluing matrix 
A G 0(1, 1 1 Q) of the integer charges, and the phase moduli (p. Furthermore 
the fermionic gluing conditions require some extra data: the sign 77 = ±1 
in the unprojected theory, and in the GSO projected theory, the Ramond 
charge (±, or neutral), or equivalently an Ising primary (l,a,e). Again, we 
fix the preserved supersymmetry algebras by setting rj$ = 1. The gluing 
matrix for the fermion fields is thus given by 77A, where A = ^AU^ 1 is the 
gluing matrix for bosonic currents. 

These defects are superconformal and preserve a ^(l) 2 current algebra. 



Generically, they are not topological. However, as explained in Section 2.2 
for any such defect I R2)R2 (A,<p), there is a unique radius Ri = f^(R 2 ) suc h 
that parallel transport yields a topological interface between the theories of 
radius R 2 and Ri. Explicitly I RuR , 2 (A,ip) = D RuR2 I R2jR2 (A,(p) where 
D Rl) n 2 is the deformed identity interface that transports the theory from R 2 
to Ri = f^(R 2 ), c.f. the previous subsection. In fact, this was only explained 
for the bosonic components, but due to supersymmetry, it immediately car- 
ries over to the fermions as well. 

Since R 2 is arbitrary, parallel transport indeed yields an isomorphism 
between the fusion algebra of w(l) 2 -preserving conformal defect lines in any 
given circle theory (they are all isomorphic), and the fusion algebra of u(l) 2 - 
preserving topological interfaces between circle theories. To be more precise, 
for any radius R3, and any gluing matrices A', A there are radii R 2 = f^Rs) 
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and Ri = /^,(i2 2 ) such that the interfaces I RltR2 (A', if') and I R2tR3 (A,ip) are 
topological and their fusion is given by parallel transport of the fusion of the 
respective conformal defects in the theory with radius R3. 

I RuR2 (A',<p')Ol R2 , R3 (A,<p) = D RljRa I R3jRs (A', (p f ) I RstR3 (A, cp) . (114) 

[We have suppressed the fermion- interface labels for simplicity]. 

Thus, the monoids of w(l) 2 -preserving conformal defects and topological 
interfaces in torus models are isomorphic. The isomorphism actually breaks 
down if the requirement of w(l) 2 -symmetry is dropped. This would allow for 
example the addition of defects with different gluing conditions A and A', but 
topological interfaces can only be added if the theories on both sides agree, 
i.e.iff A (R) = f k ,(R). 

In the next subsection, we will explain how the topological interfaces 
on the string worldsheet are related to the 0(1, 1|R) symmetry of classical 
supergravity compactified on a circle. 



5.1 Action on perturbative string states 

Consider first the purely bosonic theory and let A be the gluing matrix for 
the integer charges. If the topological condition Ri = /^(i2 2 ) is satisfied, 
the gluing condition A = U^ l AU 2 £ 0(1) x 0(1) = {diag(±l, ±1)}, which 
implies that left and right Virasoro algebras commute separately with the 
interface operator. 

In the following, we will restrict our attention to the case A = 1. The 
other cases can be obtained from this one by T-duality transformations, 
which are implemented by invertible topological interfaces with A £ 0(1, 1 |Z). 
Since T-duality is well understood [1] , we refrain from giving any more detail 
on these other cases here. 

From the expressions ^ and (32) we deduce that the topological-interface 



operator maps states in CFT2 to states in CFT1 as follows: 

(n<)(rK)i7> e 2 ^ ) v^(no(n fi Ui A ^ ^ 

{«.} {fij} {n t } {hj} 

if 7 £ k{L /C2Z, while all other states are mapped to zero. Here we used 
that A 22 = 1 for A = 1. 

The physical charge vector 7 := C/7 is preserved by the above map, 

Uxkrj = A(U 2 j) = U 2 j , (116) 
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and hence, the masses 



M 2 pert = 8 7 T 7 + E 2n 4 + 2% • (H7) 

of perturbative string states are also preserved. [Our convention is a' = 1/2]. 
This of course is an immediate consequence of the property of topological 
interfaces to commute with left and right Virasoro algebras combined with 
the fact that masses of perturbative string states are proportional to (L +L ). 

In a nutshell, topological interfaces transform moduli and perturbative 
charges in the same way as the 0(d, d\M) symmetry of the low-energy action. 
But they have the 'integrity' to only transform charges if this is consistent 
with charge quantization. In fact, the transformations preserves a larger set 
of observables than the masses, as we will now explain. 

Namely, any local operator V with u(l) charges 7 G k{L ® k<{L is just 
multiplied by the factor e 2mip ^ v/ffcifc^l under the action of the interface 
operator. Thus, iV-point correlation functions on the sphere transform by a 
common multiplicative factor, 

{ViV 2 ■ ■ ■ V N ) sphere ^ \hk 2 \ N / 2 (ViV 2 ■ ■ ■ ^sphere • (118) 

Note that the phase factors drop out from the expression on the right due to 
the w(l)-charge conservation. 



Translated to string theory, (118) implies that the tree-level scattering 
amplitudes of states with vertex operators Vj are invariant provided one also 
transforms the effective string coupling constant according to 

A ' A eff h-> A off • (119) 



Here, A c is the closed-string coupling constant in 26 dimensions, and \ e s the 
effective coupling after compactification on a circle of radius R. This effective 
coupling can be defined as the common normalization of all vertex operators 
|41j . We stress that only a part of the tree- level S-matrix is preserved by 
the topological map, the part restricted to asymptotic states for which the 
0(1, 1|Q) transformation respects the charge quantization. All other string 
states are projected out. 



The rescaling (119) of the coupling is surprising, because it depends on 



arithmetic properties of the 0(1, 1|Q) gluing matrix. Since it amounts to a 
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redefinition of the Planck scale, it is invisible classically, even if all stringy a' 
corrections are included in the closed-string action. Nonetheless, it is crucial 
for the proper transformation of D-brane charges and masses. 

Before proceeding to the treatment of D-branes, let us comment on a 
relation of our discussion with the orbifold construction. Indeed, since in 
the case at hand the quotient of the circle radii R1/R2 = k%jk\ is rational, 
the theory with radius R\ can be obtained from the one with radius R2 by 
orbifolding with respect to the shift symmetry 

<p^<p + 2nR 1 . (120) 

The orbifold group generated by this symmetry is of order k\k 2 . The operator 
11^ for A = diag(&2/fci, ki/k 2 ) projects on untwisted states of the orbifold, 
while all other states in CFT1 arise as twisted sectors. 



This viewpoint demystifies the relations (118). These relations express 
the well-known fact that the parent and the orbifold theory share the same 
sphere amplitudes in the untwisted sector. 

Indeed, our construction fits in nicely with the general framework of topo- 
logical interfaces in rational CFTs put forward by Frohlich et al [7]. These 
authors single out two classes of special topological interfaces in RCFT: (i) 
the so-called "group-like" interfaces, which describe automorphisms of CFTs, 
and which form a groupoid under fusion, and (ii) the broader class of "duality 
interfaces" , which have the property that fusion with their parity-transform 
results in a sum of group-like defects. It has been argued in [7] that duality 
interfaces exist between a parent theory and any of its orbifold descendants, 
and that such an interface is group-like only when the orbifold is the same 
CFT as the parent theory. 

Although the arguments of [7J were made in the context of RCFT, they 
extend to the circle theories studied here. All the topological interfaces as- 
sociated to gluing matrices A G 0(1, 1|Q) are duality interfaces, whereas the 
ones with A e 0(1, 1|Z) are group-like. The parent and orbifold theories of 
[7J are nothing but the theories at radius R 2 , respectively R\. 

We may extend this analysis from the bosonic string theory to the type-0 
or the type-II superstring theories in the following way. We first note that 
for a bosonic gluing matrix A = 1, the fermionic one is given by Ap = ±1, 



c.f. (51 ). Thus, left (right) fermions of CFT1 are glued to left (right) fermions 
of CFT2, i. e. the fermionic interface is automatically topological as well. This 
of course is a consequence of super symmetry. The mass of the perturbative 
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string states, which is still equal to the square root of 2(L + L ), is therefore 
still preserved by the interface map as in the purely bosonic case. 

What needs to be checked is that the uniform rescaling (118) is also valid 
for states in the Ramond sector. We focus on charged interfaces, since the 
neutral ones anyway project out all Ramond states. Making use of |sin(2i?) | = 



22 



1, and the property 5(±1) 



1 o 

o ±1 



of the spinor representation, it 



follows from (67) that indeed all vertex operators transform with the same 
normalization factor. 

This argument applies to the type-0 superstrings. The type-II superstring 
theory has separate GSO projections for the left- and right-moving fermion 
numbers. To implement these projections, we have to tensor the c = 3/2 
interfaces with the identity interface for the nine remaining non-compact 
dimensions. Because Af = ±1, such topological interfaces commute or an- 
ticommute with (— 1) F and (— 1) F . In the first case the interface must be 
resolved by the addition of new twisted contributions, which are intertwiners 
for the mixed R-NS sectors of the type-II theories. The construction proceeds 
along the lines described in Section |3.3| It is tedious but straightforward to 



check that for the ensuing topological interfaces, equation (118) still holds 
for states from all four sectors of the type-II superstring theory. 



5.2 Action on D-branes 

As alluded to above, interfaces not only transform perturbative string states, 
but also act on D-branes. This action is given by fusion with the respective 
boundary condition. 

We consider (super) string theory compactified on a ci-dimensional torus, 
and take any D-brane wrapped entirely around some of the torus directions, 
so that it looks like a point particle in the non-compact spacetime. The D- 
brane can be described by a boundary state \B)) of the c = 3d/2 SCFT [we 
focus for definiteness on the type-0 supersymmetric case]. The mass of this 
point particle is proportional to the ^-factor of the boundary state [12] 

M B = 4(v^) 7 - d M Planck ^ , (121) 

where Mpi anc k is the Planck mass in the effective (10 — d) dimensional theory. 
It is given by (see for instance [13] and recall that a' = 1/2) 

^PiLk = Svr 7 A e 2 ff (122) 
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with the effective coupling A e fj = X c /VVd defined as above, where Vd de- 
notes the volume of the torus. Modulo a numerical constant, M.® ~ ge/Ks- 
It follows from this relation that M. B is preserved by the operation of the 
topological interfaces, as were the masses of perturbative string states. 

To understand this, let us fuse the D-brane state \B)) with a charged 



topological interface, Since the interface is topological, the g-factors of 



interface and D-brane multiply 

9b h> g top g B = g B • (123) 

This follows from the fact that topological defect lines can be deformed as 
long as they do not cross any operator insertion. We have used that g top = 
>y\kik 2 \ for any topological interface, c.f. (32) with | A22 1 = 1- Combining 



(119) and (123) shows that the D-brane masses are invariant, as claimed. 

It is instructive to also look at the transformation of the D-brane charges. 
For a single compact dimension there are two types of Ramond charge, pro- 
portional respectively to the number of DO-branes and of wrapped Dl-branes. 
We may arrange them in a 2-component vector, 

MS) « -i(t^)&)< ™ 



where following the same convention as in the perturbative case we use a hat 
to distinguish the vector of integer as opposed to physical charges. The phys- 
ical charges are the couplings to Ramond gauge fields that are canonically 
normalized (modulo an irrelevant numerical constant). 

Consider now the fusion with a charged topological interface of gluing 
matrix A = ( k2 Q kl k ^/ k2 ) where (ki, k 2 ) are positive relatively-prime integers. 22 
Physical charges transform with the spinor representation 5(A) of the gluing 
matrix A for the currents. Since A = 1 for the topological interfaces, physical 

21 Recall that charged interfaces are the ones that extend the 0(d, d\Q) action to Ramond 
states, and which therefore act non-trivially on the Ramond charge. Notice also that 
boundary states are special interfaces for which the CFT on one side is the trivial theory. 
Fusing an interface and a boundary is therefore a special case of interface fusion. 

22 The GSO projection requires both the A and —A gluing conditions, so we can choose 
the ki to be positive without loss of generality. As for the second branch of 0(1, 1|Q) 



matrices, this can be obtained by composition with A = ( 5 J ) , c.f. ( 27 1 . The corresponding 
topological interface implements the radius-inverting T-duality transformation. For the 
action of T-dualities on D-branes see for example [44] . 
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charges change at most by a sign. The integer Ramond charges, on the other 
hand, transform up to a sign with the following matrix: 



^ S(A) = ^ = (* o) . (125 ) 

The square-root of the index in the left-hand-side is due to the transforma- 



tion (119) of the effective string coupling. It is crucial to ensure that the 
topological map respects the quantization of Ramond charges. 

We close this section by emphasizing how the transformation of pertur- 
bative states differs from the transformation of D-branes. For \kik 2 \ 7^ 1, the 
former is non-invertible because it only acts on a sublattice of rank jfciA^I 
of the perturbative charge lattice. The latter on the other hand acts as an 
endomorphism of the Ramond charge lattice, mapping the entire lattice to 
a sublattice of rank | fcx A: 2 1 - Both of these transformations are invertible only 
for \k x k 2 \ = l,i.e. A G 0(1, 1|Z) 

The transformations of the integer charges are accompanied by a change 



of the radius of the bulk CFT, as well as by the rescaling (119) of the effective 
string coupling constant. The combined transformation leaves all the physical 
charges invariant up to signs. 



6 Generalization to torus models 

The results of the previous sections generalize in a mostly straightforward 
manner to M = (1,1) superconformal sigma models whose target spaces are 
tori of arbitrary dimension d > 1. 

These "toroidal models" factorize into bosonic CFTs describing d free 
bosons compactified on a torus, and the theory of d free Majorana fermions. 
They exhibit left and right u(l) d symmetries, coming from the bosonic part, 
and they are determined by the choice of the lattice of charges of the as- 
sociated u(l) d © u(l) d zero mode subalgebra (left and right momenta in 
string-theory language). These are even self-dual lattices T C R d ' d , which 
are parametrized by the coset space 

0(d\R) x 0(d\R) \ 0(d, d\R) / 0(d, d\Z) , (126) 

where 0(d, d\Z) is the group of discrete lattice automorphisms (the group of 



44 



"T-dualities" in string theory). One standard choice of parametrization is 

(127) 

where G = EE T is the metric of the target space torus and B the anti- 
symmetric Neveu-Schwarz field. The matrix U is the "vielbein" introduced 
in equation Q. In our context, it is convenient to work with the covering 



space of the coset (126) on which the T-dualities and the 0(d\M) x 0(d\l 
automorphisms are implemented by invertible interfaces. 

In this section we will first construct w(l) 2d -preserving interfaces between 
such torus models, which also preserve a worldsheet supersymmetry, and 
then determine their fusion. 



6.1 Superconformal interfaces preserving u(l) 



2d 

As in the case of circle theories (d — 1) discussed in Section |3j the requirement 
of superconformal and u(l) 2d symmetry forces the interfaces to factorize into 
interfaces for the bosonic and fermionic degrees of freedom. 

Bosonic interfaces in torus models 

The construction of the bosonic interfaces is a straightforward extension of 
the discussion in Section [2~T Since the energy momentum tensor is quadratic 



in the currents, the corresponding interface operators I\p : H2 — > "Hi between 
the Hilbert spaces of the torus models have to satisfy commutation relations 

_fi n ) h,2 = h,2 Afjp), AG 0(d, d\R) (128) 

for the modes of the left and right u(l) d currents, which now are considered 
to be (i-dimensional vectors. 

Analogously to d — 1, these commutation relations can be realized by 
linear combinations of intertwiners 

A b0 2 S ' 72 = n / i n ,2 bOS | A 7 2 )(7 2 |, (129) 

n>0 

where the exponentials 

/r,2 bos = expQ(a^O n a^ - a\ n 12 a 2 n - ~a\ n O\ x al + a^a*)) (130) 



45 



are composed with maps on the ground states implementing the zero-mode 
gluing conditions. In this expression, the modes of CFT1 and CFT2 act on 
the left respectively right of the maps | (T2 1- Furthermore, the matrix O 
is related to the gluing matrix A by 

A12A22 1 An — Ai2A 22 1 A2i 
, 22 — A 22 A21 



This is an immediate generalization of the d = 1 case, where now the Ay are 
d x d blocks of the 0(d, d) matrix A in a basis in which the invariant metric 
is given by rj = diag(l, —1). 

It is easy to see that the matrix O is orthogonal, i.e. 0(A) G 0(2d) 



whenever A G 0(d, d). The inverse to relation (131 ) is given by 



Note that intertwiners (129) only exist for those charge vectors 72 G Y 2 
of CFT2, which under the gluing condition map to a charge vector of CFT1, 
in other words for all 72 for which 71 = A72 G Y\. These form a sublattice 

r£ 2 = { 7 g r 2 1 A 7 g = r 2 n A-^ (133) 

of the charge lattice of CFT2. Similarly as in the case d — 1 one needs r^ 2 
to be a maximal-rank sublattice of T 2 , in order to be able to solve Cardy's 
condition for the interface. Gluing conditions which satisfy this requirement, 
rank(r^ 2 ) = 2d, will be referred to as admissible. 

In the folded picture, the orthogonal matrix O determines the orientation 
and worldvolume gauge fields of a D-brane in the toroidal tensor-product 
theory CFTl£g>CFT2*. Admissibility translates to the conditions that this D- 
brane is compact, and its worldvolume gauge fields obey Dirac's quantization 
condition. 

The admissibility condition is more transparent when expressed as a con- 
dition on the gluing of the integer u(l) 2d charges. Namely, representing the 
lattices of physical-charge vectors Tj = UiL d ' d with Ui the generalized vielbein 



defined in (127), it is easy to see that 

r£ 2 = u 2 (z d ' d n (u 2 1 A- 1 u 1 )z d ' d ) (134) 
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is a maximal-rank sublattice of T 2 = L^Z^ if and only if the matrix inside 
the nested brackets has only rational entries. This can be written equivalently 

as 

A = f U{ 1 AU 2 E 0(d,d\Q) , (135) 

where K T f]K = fj with fj = ( ° J ) . 

For admissible gluing conditions one can construct the following (simple) 
interface operators 



n 



bos 
2 



II' 

n>0 



n,bos 
1,2 



with if;J CB = ^ 2 



3 *rfv(7)|A 7 )( 7 |. (136) 



Here e (I? 2 )* is some linear form on the lattice of intertwiners|~j and the 
normalization constant (the g-factor) 



is determined by the volume ||7Ta(Ii 2 )|| of the hybrid lattice 



(137) 



7r( 7 ) 

5F(A( 7 )) 



7 e Its 



(138) 



In this formula 7r and 7r denote the projections on left and right charge 
vectors, respectively The above volume is given by the product of the index 



ind(rf 2 c r 2 ) = |iyrf 2 



(139) 



of the lattice of intertwiners in the lattice of all the charges of CFT2, and 
the volume of the hybrid projection of the full charge lattice T 2 , 



IK(r 2 )|| = det 

= | det(A 22 
Hence, the ^-factor can be written as 



1 






1 



det (A 



ii/ 



A 



(140) 



r 2 /rf 2 ||det(A 22 ) 



(141) 



5 In the folded picture it determines position and Wilson lines of the respective D-brane. 
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It is important to note that while the volume factor (140) depends on the 



matrix A, w hich v aries continuously with the moduli of the bulk CFTs, the 
index factor (139) depends on arithmetic properties of the rational matrix A 



which is the gluing matrix for integer charge vectors. 

It is straightforward to check that the index is determined by A as follows: 



|r 2 /rt 2 | 



smallest K G N such that KA G GL(2d, Z) 



(142) 



Put differently, K is the least common multiple of all (irreducible) denom- 
inators of the matrix elements A^,-. For d — 1, with the parametrization of 



the gluing condition chosen in Section 2.1, one finds 



|r 2 /rt 2 | 



det(A 



22) 



cosh (a) 



sin(2tf)| 



(143) 



The general expression (141 ) for the g-factor, valid for arbitrary d, specializes 
as it should to the expression (19) which was obtained for d — 1. 



We will refrain from showing here that the operators (136) indeed satisfy 



Cardy's consistency condition. This could be done, as in the one-dimensional 
case, by computing the annulus partition functions in the folded theory, and 
checking the multiplicities in the open-string channel. However, the analysis 



of the fusion of these operators, carried out in Section 6J2 below, will provide 
a stronger consistency check than Cardy's condition. 



The interfaces (136) are simple or elementary interfaces, meaning that 



their vacuum is non-degenerate. Non-elementary interfaces consistent with 
the u(l) 2d symmetry can be obtained by summing simple ones with the same 
gluing condition A. In this way, it is possible to obtain interfaces which only 
involve (maximal rank) sublattices L C T^ 2 of all the possible intertwiners 
for a given gluing condition. To project out all intertwiners not in L one 
needs to sum over \Y^ 2 /L\ simple interfaces I if (A, (pi) with phase moduli ipi 
arranged in an appropriate periodic array. The resulting interface operators 
read 



7£L 



2 ^(7)|A 7 )( 7 | 



(144) 



where now (p is a linear form on L. Note that due to the summation, the 
normalization of the defect received a factor of ind(L C T^ 2 ) = |r^ 2 /L|. 

Non-elementary interfaces are important in the discussion of fusion of 
interfaces. Namely, as in the one-dimensional case, the composition of ele- 
mentary interfaces with gluing conditions A' and A yields an interface with 
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gluing condition A' A. But in general not all intertwiners for A' A can be ob- 
tained by composing intertwiners for A' and A. So, a composition of two 
elementary interfaces produces a non-elementary interface in general. 

In reference [9] it was shown that, for d — 1, the g-f actor is minimized 
by topological interfaces, and that furthermore g — 1 only for the group- 
like invertible defects that generate the CFT isomorphisms. The following 
generalizes these results to any d: 



Lemma : All u(l) 2d invariant interfaces have gf 2 — y l^/r^l — 1- The 
first inequality is saturated by topological interfaces for which A belongs to 
0(d) x 0(d) so that |detA 22 | = 1. Furthermore, all u(l) 2d invariant interfaces 
with g = 1 generate isomorphisms of torus CFTs. 

Proof : it follows from A G 0(d, d) that 

A 22 A 22 = 1 + A 21 A' 21 (detA 22 ) 2 = det(l + A 21 A* X ) > 1 , (145) 

with equality holding if and only if A 2 i = Ai 2 = 0. This in turn implies that 
A G 0(d) x 0(d). In this case the interface operator commutes with left 
and right Virasoro algebras separately, i.e. it corresponds to a topological 
interface. This can also be verified by considering the reflection coefficient, 
which is zero if and only if the interface is topological. Following [22] it can 
be calculated to be 

11 = 1- |detA 22 |~ 2 . (146) 

Clearly the absolute minimum g = 1 can only be attained by topological 
interfaces, for which furthermore A : T 2 — > Fx is a lattice isomorphism. 
Being in 0(d) x 0(d) it therefore realizes an isomorphism of CFTs. This 
shows the second part of the lemma. 



Using the cover 0(d\R) x 0(d\R)\0(d, d\R) of the moduli space ( p6[ ) to 
parametrize toroidal CFTs, the interfaces with g = 1 can be parametrized 
by elements of the group 0(d, d|Z) x u(l) 2d , where u(l) 2d parametrizes the 



moduli <p of the interfaces, c.f. (136). As will be shown in Section 6.2, these 
defects indeed fuse according to the group multiplication in 0(d, d\Z) Ku(l) 2d . 
Furthermore, defects with g > 1 are not invertible with respect to fusion. 

Fermionic interfaces in torus models 

Also the construction of the fermionic interfaces for general d parallels the 
discussion for d = 1 in Section 13.21 
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The aim is to construct superconformal interfaces between toroidal CFTs 
with specified M = (1, 1) structures. The latter are determined by a choice 
of supercurrents, which we take to be the normal ordered products 



C >!:./''••':• (■' >!:./'<••':• (147) 

i=l i=l 

where the sums are taken over an orthonormal basis of M. d . This can always 
be attained by 0(d) x 0(d)-rotations of the bosonic currents or the fermionic 
fields. The requirement of supersymmetry 

(Gl - ir& G l _ r )h, 2 = V I h2 (G 2 r - i V 2 s G 2 _ r ) . (148) 

combined with commutation relations ( |128 ) for the bosonic modes forces 
commutation relations with the fermionic modes ip l r , which are now regarded 
as o?-component vectors: 

_$J' U = -tk) (149) 

where the 0(d, d) matrix Ap is related to the bosonic gluing matrix A by 

A '='(U i) A (i*)- (150) 

In complete analogy with the d = 1 case, one can write the fermionic 
intertwining operators in the NS and R sectors as 

a n 2 s = n At^f 5 > a r 2 = n j i;r m A° 2 R . m 

reN-| »*e N 
Here the modes of CFT1 and CFT2 in the exponentials 

/[f m = ex P (-^l r (^ r + ^. r Ol^l - &Ol^_ T - iftOl^i) (152) 



act on the left respectively right of the maps if'^ S and I®'^ between the NS 
and R ground states of the theory. Since there is only a single ground state 
in the NS sector the ground state part of the interface reads 

A ; 2 NS = I°)nsns(0|. (153) 
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To describe the map on the Ramond ground states, we recall that the 
fermionic zero modes ip l and — iipQ for each of the two theories form the 
Clifford algebra of M. d,d and transform under the fundamental representation 
of 0(d, d). The induced representation on the Ramond ground states is the 
spinor representation S, i.e. 

^ ^ 5(A F ) = 5(A F )A F ( ^~). (154) 



Thus, if we denote by if 1 2 the isomorphism between the Ramond ground states 
of CFT1 and CFT2, commuting with the action of the fermionic zero modes, 
then the map 2 S(Ap) implements the zero mode part of the commutation 



relations (149). 



The normalization is fixed by Cardy's condition which requires 

tr Ba ((iJ?)>j l )=2-, (155) 

where the trace is over the Ramond ground states of CFT2. The factor of 
2 d on the right-hand-side is absorbed by the transformation of the annulus 
partition function (in the folded picture) between the closed-string and the 
open-string channels. It generalizes to higher d the factor 2 a in the formula 



(56) for the Ramond boundary state, c.f. (38). The conjugation (■)* in CFT 
amounts to Hermitean-conjugation of the spinor matrix S(Ap). This does not 
give in general the inverse matrix because the group 0(d, d) is not compact. 
Instead one finds 

S(A F )W((; ° 1 )A F 1 (l _° 1 ))=5(A?) (156) 



Thus the left-hand-side of (155) is equal to the spinor trace trS(Ap A F ). 

To calculate this trace we note that the square of the spinor represen- 
tation is isomorphic to the sum of the exterior powers of the fundamental 
representations of 0(d, d): 

K := A*R d ' d S g> S . (157) 
Moreover, for any A G 0(d, d) 

tr w {S(A T A)) = det(l + A T A) = 2 2d \ det(A n )| 2 = 2 2d \ det(A 22 )| 2 . (158) 
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Taking everything together, the properly normalized Ramond ground state 
contribution of the interface operator is given by 



V|det(A 22 )| 

Here we have used the fact that the absolute values of the determinants of the 
2-2 blocks of bosonic gluing matrix A and fermionic gluing matrix agree. 
The normalization of J°' 2 exactly cancels the part of the bosonic g-factor 



( 141 ) which continuously depends on the gluing condition A. 



Fermion-parity projections 

In the unprojected theory, where there is only an NS sector, the complete 
interface operators are given by tensor products 

iU(A, <p, V ) = A bo 2 s (A, <p) 9 Jg(A P ) , (160) 



of bosonic and fermionic interface operators (136) and (151). For ease of 
notation we suppress the dependence on rj and rf s . 

The GSO-projection of these interfaces works exactly as in the one- 



dimensional case discussed in Section 3.3| It amounts to taking the orb 



ifold with respect to the Z 2 x Z 2 generated by the (—l) Fl+F \ The complete 
operators are products of operators for bosons and fermions, 

I*f(A, <p, h) = jJ~(A, tp) ® lfp\A F ) . (161) 

The label h takes three values, which can be identified with the primary fields 
of the Ising model (l,e and a). The first two values correspond to charged 
interfaces, which exist whenever detAi? = (, while h = a corresponds to 
(simple) neutral interfaces which exist if detAir = —(. We recall from Section 



3.3 that £ distinguishes whether CFT1 and CFT2 are of the same (£ = 1) or 
of opposite (( = —1) GSO type. 

The two charged fermionic interfaces are given by 

IiP C± = \ WI(Af) ± A R 2 (A F )) +(V^ -V) , (162) 
while the neutral ones, which have no Ramond component, read 

A f r n = ^A N 2 S (A F ) + (^-r ? ). (163) 
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Note that changing r] to — r] just multiplies with —1. 

The 1] = ±1 terms in the sum correspond to the orbit of the interface 
operator when acted upon by the fermion parity operator (—) Fl+Fl . These 
orbits are normalized with the standard 1 / \/2 factor. 

From the above expressions, and taking into account that the NS ground 
state contributes equally to the two terms of the orbit, one finds the following 
relations for the g factors of the projected interfaces: g = gbos in the charged 
case, and g = \/2g^ os in the neutral one. 



6.2 Fusion of interfaces 

The fusion of the d > 1 interfaces can now be analyzed easily using the same 
approach which was applied to the treatment of the d = 1 case in Section |4j 
Indeed, the calculations for the fusion of the positive-frequency contributions 
carry over immediately 

ll£ os (0')e~ m I>£ \0) = Y[deb(l - e~ 2Sn 11 0' 22 )- 1 I^ os (0"(e- 5n )) , 

n>0 

lli CTia (0')e- 5H I>t rm (0) = JJdet(l - e- 25r O ll O' 22 )I r ^ TIIl {0"{e' Sr )) , 

r>0 

(164) 

where the matrix 0"(x) depends on O, O' and x as follows: 

n"(<r\ - ( 0' 11 +x 2 0' 12 (l-x 2 11 0' 22 )- 1 11 0' 21 xO , 12 (l-x 2 11 0' 22 )~ 1 12 \ 

^ \ X ) — \ x0 2 i(l-x 2 0' 22 0n)- 1 0' 21 2 2 +x 2 2 i(l-x 2 , 22 11 )- 1 0' 22 Oi2 J ' 

(165) 

Just as in the d = 1 case, the matrices 0"(e~ Sn ) appearing in these formulae 
converges to O(A'A) for 5 — > 0, but the determinant factors exhibit a singular 
behavior in the limit. 

The singular behavior cancels whenever the two interfaces Ii^ and ^2,3 
preserve the same supersymmetry in CFT2, i.e. the two interfaces must have 
the same r]s for the CFT in their middle. 

In this case the determinant factors coming from bosons and fermions 
exactly cancel each other in the Ramond sector. In the NS sector, on the 
other hand, the cancelation leaves a finite remainder, which can be computed 



24 Here we indicate the dependence of the interfaces on the orthogonal matrices O 
0(A). 
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with the help of the Euler-Maclaurin formula (101 ) as in the case d = 1. The 
result for the fusion of the combined positive-frequency parts is 



IUA',V')IU A ^)= (166) 

v /det(l - OnOy NS sector , 
1 R sector . 



J>(A'A,i/ij)x 



Let us next discuss the fusion of the zero-mode contributions, which can 
be composed without a regulator. In the bosonic sector the result is 

J 1 % bos (A')/ 2 3 bos (A) = l ^3 A /^, 2 0r^ y e 2 ^' A +^|A'A 7 >( 7 | , 

(167) 



where the lattice 



rf 2 © r A 3 d ^ f (A'A) -1 r 1 n A^r, n r 3 (168) 



is the sublattice of those intertwiners for the composed gluing condition A' A 
which can be obtained by fusion of intertwiners of A' and A respectively. 
Note that if A' and A are admissible gluing conditions, i.e. the lattices of 
intertwiners for both of them are of maximal rank 2d, so is A' A. Moreover 
this is also true for r A 2 T 23 , which is a maximal-rank sublattice of index 

ind(rf; 2 © r A 3 c if 3 A ) = |it' 3 A /if 2 © r A 3 | (169) 

in r A ' 3 A . Thus, setting aside for the moment the overall normalization, one 
sees that the zero-mode contributions to the bosonic intertwiners multiply to 
one with composed gluing conditions. In general however, the result is not 
an elementary intertwiner. Instead it consists of |r A 3 A /r A 2 or A 3 | elementary 
summands with different phases so as to project on the sublattice r A ' 2 T 2 3 



of charges, c.f. the discussion around (144). 



Let us now show that the normalization of the right-hand-side of ( 167 ) is 
indeed correct. To show this we need to establish the identity 



'at'^A _ |r A ; 3 A /rt' 2 or 



A I 
2,3 1 



9?'/ I v/det(l - O n O' 22 ) 



(170) 



Consider first the factor of the (/-functions (141 ) which depends continuously 



on the gluing conditions. Using the relation (131) between O and A we find 
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(A'A) 22 = A 21 A 12 + A 22 A 22 = A' 22 (l + A 22 1 A 21 Ai 2 A 22 1 )A 22 

= A 22 (i-o 22 e> 11 )A 22 , 

so that taking the determinants yields 

det((A'A) 22 ) 



det(l - O'jkAi ) = det(l - O n Ol 



22/ 



det(A' 22 ) det(A 22 ) ' 



(171) 



To complete the proof of (167) it remains to be shown that 



K'K __ 


r 2 /rf 2 | 


|r 3 /r^| 


K" 


ryr^ 





|rf 3 A /rf 2 © r A 



2,31 



(172) 



This index identity is proved in Appendix |Bj 

The composition of the zero-mode contribution of the interfaces in the 
fermionic sectors is simpler. In the NS sector it is actually trivial 



rO,NS rO,NS 

J l,2 J 2,3 



r 0,NS 
i l,3 



(173) 



Thus putting together (166), (167) and (173) we find, in the full unprojected 
theory, that the composition of two simple defects with indice s K' and K 
gives a/ K'K I K" defects with index K" . The index identity ( 172[ ) proves 
that this number is integer, as it should. The defects that arise in this way 
have their phase moduli arranged in a periodic array, so as to implement a 
projection on a sublattice of the lattice of all intertwiners that are compatible 
with the transformation A'A. 

The calculation in the GSO-projected theory goes through exactly as in 
the d — 1 case discussed at the end of Section |4.3| One only needs to check 
the composition of ground state intertwiners ( 159[ ) in the Ramond sector, 



/i°; 2 r (a f )/ 2 °; 3 r (a f ) = v/det(l - O u O' 22 ) a°; 3 r (a f a f ) 



(174) 



where use was made here of (171). The final result for the fusion can be 
summarized as follows: the fermionic part of GSO-projected interfaces is 
labelled by h — 1, e, a, corresponding to the three primary fields of the Ising 
model. The fusion of these fermionic parts follows the same pattern as the 
Verlinde algebra of the Ising model. 

This is the only difference with the unprojected theory, where the fermionic 
part is labelled by the sign 77 = ±1. Let us, for the rest of this section, fix 
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the fermionic parts by choosing the identity labels (rj = 1, or h = 1) and 
concentrate on the algebra of the bosonic parts, which is the same in the 
GSO-projected and in the unprojected theory. 

We can give a more economic description of this algebra by enlarging 
the set of simple interfaces to include interfaces Jf 2 (A, </?), where L is any 
(maximal rank) sublattice of T^ 2 . This latter is the lattice of intertwiners 
contributing to the simple interface with gluing matrix A. If L = T^ 2 the 
interface is simple, otherwise it is a sum of |r^ 2 /L| simple interfaces whose 
phase moduli are arranged so as to enforce the projection on L. In terms 
of this larger set of basic interfaces, the fusion of two interfaces takes the 
following elegant form: 

i£(A', tp') / 2 L 3 (A, <p) = /£" lL ' nL (A'A, if' A + if) . (175) 

As mentioned before, it is clear that an interface if 2 (A) is invertible if and 
only if L = T^ 2 — ^2 is the full charge lattice. Parametrizing Tj = UiL d,d , 
this can only be achieved for A = L r f 1 Af/ 2 G 0(d, d|Z). A special class of 
such interfaces are the deformation interfaces for which A = 1, 

D 1)2 = jg(EW 2 -\0). (176) 



These encode the effect of deformations of the underlying bulk CFTs 
One can use them on both sides to transport any interface to a defect line in 
some reference torus model CFTO, 

A L 2(A> V) = lQ° Q U ^ lL (UoAU 1 ,ipU 2 U 1 ) _D ,2 • (177) 

Since the deformation interfaces are invertible, the fusion of two arbitrary 
interfaces can be completely determined by the fusion of the corresponding 
defect lines in the reference CFT, which in turn does not depend on the 
choice of CFTO. 

We may therefore drop the explicit dependence on CFTO and characterize 
a defect by the data (A,(p,L), where A e 0(d,d\Q), (p is a linear form 
on Z d ' d , and L a maximal-rank sublattice of the intertwiner lattice 7* d,d R 
K 7j d ' d for the integer charges. The composition rule for defect lines in this 



representation can be easily read off from (175): 



(A', if', L') (A, <f, L) = (A'A, <f' A + if, L n Kr l L') . (178) 
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We note that since A G 0(d,d\Q), its inverse is also a matrix with rational 
entries so that L fl A -1 !/ has maximal rank. 

Invertible defects are those for which A G 0(d,d\Z) and L = Z d ' d . They 
fuse according to the group 0(d, d\L) x w(l) 2d , where the w(l) M is generated 
by the phases (p. The fusion monoid T> for the more general defects is then 
described by the semi-group extension 

1 — > S — > V — > 0{d, d\Q) x u(l) 2d — -» 1 (179) 

of the group 0(d,d\Q) x m(1) m of all admissible gluing conditions and all 
phases by the semi-group S, whose elements are maximal rank sublattices of 
Z d ' d , and which multiply by taking intersections. 



2 r , 



6.3 Fusion with boundary conditions 

Finally, let us sketch how the interfaces defined above fuse with boundary 
conditions. Since most of the calculations are similar to the ones done before, 
we will just state the result. 

A general u(l) d preserving boundary condition in a d- dimensional torus 
model with charge lattice T is determined by the following objects. First the 
left and right currents are glued together by means of an orthogonal matrix 
Q G 0(d), such that the respective boundary state is annihilated by the 
combinations {a n + f2a_„ | n}. Such a gluing condition can only be realized 
by a boundary condition, if the lattice of Ishibashi states 

r n = rn j( ^ |.xGM d j (iso) 

has rank d. This guarantees that the volume of the corresponding D-brane 
is finite, and the worldvolume gauge fluxes quantized. 

Then, as in Section 3.1, for every choice of rjs G {±1}, and ip G (T n )* 



one finds a supersymmetric and u(l) invariant elementary boundary state 
\Q,<p,r}s)). In the GSO-projected theory the sign of detQ and 773 determine 
whether the D-brane is charged or neutral, whereas in the unprojected the- 
ory these two signs are independent. Furthermore, by summing suitable 
combintations of \T / L\ elementary boundary states one can construct new 



3 iS consists of the defects (1, 0, L). 
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boundary states which only couple to a maximal rank sublattice L C T n of 
possible Ishibashi states. We denote the result by \Q,{p,i]s)) L . 

The fusion of interfaces with boundary states is easy to compute. If they 
preserve the same supersymmetry, the fusion is non-singular and the result 



reads 26 



/^(AV) © l^»2 = (181) 
|(Ai 2 - AuO)(A 22 - A 21 Q)-\ + ^OA" 1 ))^'^ . 

It is interesting to note that 0(d, d) acts by fractional linear transformations 
on the gluing conditions in 0(d). 

Using the invertible deformation interfaces, we can transport the above 
result to any reference model CFTO with charge lattice T = VL d)d . The fusion 
of a defect line with a boundary condition in CFTO can then be described by 
the action of the defect line on the rank d sublattice [7 _1 T n of those integer 
charges in Z d ' d which couple to the boundary state. This sublattice is defined 
to be the kernel of (1, Q)U in Z ' . Here, (1, Q) is a rectangular 2dxd matrix. 
The rank of T Q equals d, if and only if the d x d matrix 

Cl = (U n + nU 12 )-\U 2 i + QU 22 ) e GL(d, Q) , (182) 



i.e. it is invertible and has only rational entries. It follows from (181) that 
the 0(d, d\Q) matrix A acts by fractional linear transformations on Q, and 
that the corresponding lattices compose according to A(Z/ fl L). 



7 Fusion of interfaces and geometric integral 
transformations 

There is another useful formula for the Ramond ground state contribution of 
the interface operators, which one obtains by first considering the associated 
folded boundary conditions. As discussed explicitly in the one-dimensional 



case in Section 3.2, the Ramond ground state contribution |Cf)r of the 



boundary states can be obtained by rewriting the folded gluing conditions 



(54) for the zero modes in terms of 



t£ = ^Ki'^) • (1*3) 



2d 



We suppressed the f^-dependence. 
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This yields 



|0F>R = O, 



T+ J \1- 
where, F is the antisymmetric matrix defined by 

O f = (1 + -F) ^ F = (1 - O f ){1 + O f ) 



(184) 



(185) 



In case O f has an eigenvalue —1, we take F to be restricted to the orthogonal 
complement of the respective eigenspace E_i(O f ). Furthermore, we pick a 
normalized volume form uo F on this eigenspace and insert into it the 2d- 
vector (71,7?.). Denoting the result by uo F (Y~) the normalized solution of 



equations (62) can be written as 
[det(l-F)\ 



|Cf)r 



cxp 



R 



(186) 



where |1)r is the normalized pure spinor state, i.e. the normalized state 
annihilated by all the 7+. Multiplied by 22g boS) this is the Ramond charge 
vector of the boundary state. In non-linear sigma models, Ramond charges 
of boundary conditions have a geometric meaning as Chern characters of the 
associated D-branes (see e.g. Section 1 of jl5] for a brief summary of the 
geometric aspects of Ramond charges). 

The D-branes we are considering here are supported on affine subtori 
which are orthogonal to the — 1-eigenspace of O. They are equipped with 
[/(l)-bundles whose curvature can be represented by the constant 2-form 
F = J 7 . Identifying the 7! with constant one-forms on the target space 
torus, we indeed find 



V^oi^e- F PD(W) = ^AtQ k {W,F) 



(187) 



for the Ramond charge vector of the corresponding D-brane. In this formula 
voir denotes the volume of the target space torus, and PD(W) is the Poincare 
dual of the D-brane world volume W. 



The state (186) can now be easily unfolded using the behavior of the 7± 



under folding. Namely, using (53), one finds that 



7± ^ Til 



Thus, |C?f)r unfolds to 



Ilf = (det(l- J-))-i exp uoAl-) |1)rr("1| 



(1* 



189) 
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where as always, the modes of CFT1 and CFT2 act on the left, respectively 
right of the map 1| mapping the pure anti-spinor state of CFT2 to 

the pure spinor state of CFTlp 7 ] 

Of course, also this formula has a geometric meaning. Here the 7I are 
the constant one forms on the target space tori Tj of CFTi. Thus, up to the 
map 1|, it is nothing but 

y/vo\ Tl vol T2 Q R (W, F) , (190) 

the Ramond charge of the D-brane on T\ x T 2 associated to the respective 
folded boundary state. However, while just corresponds to the 0-form 1 
on Ti, 1| maps a fc-form v on T 2 to 

v. (191) 



vol Ta j T2 

Thus, including all normalizations, the interface operator restricted on the 
Ramond ground states can be viewed geometrically as the following operation 
on forms v on T 2 : 



^ Q R (W, F) A tt 2 >) , (192) 

where 7Tj : T\ x T 2 — » T« are the projections on the factors. 

Up to the square root normalization which is a relic of a particular choice 
of identification of the ground states, this formula describes what happens 
to D-brane charges under geometric integral transformations (see [31] for a 
discussion of these transformations). Any D-brane W on a product X\ x X 2 
defines such a transformation mapping D-branes W 2 on X 2 to D-branes 

W 2 ^ (7ri)»(W ® 7r 2 *(W 2 )) (193) 

on Xi. W is referred to as the kernel of this transformation. If such a 
transformation is invertible, it is often called Fourier-Mukai transform. 

Thus, the interfaces act on Ramond ground states in the same way as the 
corresponding geometric integral transformations do on cohomology - a point 
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The pure anti-spinor state | — 1)r is the Ramond ground state anihilated by all the 



7_'s. That the state |1)r folds to r(— 1| follows from the folding behavior (1881 of the 7* 
and the fact that = 7=p- 
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first alluded to in reference [3J. We believe that this is in fact true on the 
level of the full D-brane category, and that in particular interfaces fuse in the 
same way as the corresponding geometric integral transformations compose. 

That T-dualities can be described by Fourier-Mukai transformations has 
been known for some time. More general geometric integral transformations 
on tori have been analyzed in [32] . Although we have not shown it in general, 
in all examples we have studied the fusion of interfaces indeed agrees with 
the composition of the associated geometric integral transformations. 

In conclusion, we have two formulae for the action of the u(l) 2d symmetric 
interface operators on R-ground states. One involves the spin representation 
of 0(d, d) times the square root of the interface index, while the second one 
is the action induced by geometric integral transformations. By definition, 
the latter has to be an endomorphism of the R-charge lattice. We don't 
know if the relation between these two, geometric and algebraic, formulae 
has appeared before in the mathematics literature. 



8 Topological realization of the defect monoid 

There is an important special class of interfaces with the property that they 
commute with both left and right Virasoro algebras separately jH |6]. This 
means that correlation functions do not change under the deformation of 
their positions as long as no other interfaces or field insertions are crossed. 
For this reason they are called "topological". If they are invertible they 
realize honest isomorphisms of conformal field theories. 

By definition, the u(l) 2d preserving interfaces we have constructed are 
topological if and only if their gluing condition A e 0(d) x 0(d). 

We have seen that by means of parallel transport, fusion of conformal 
interfaces can be understood in terms of fusion of conformal defects in a 



single torus model. The latter is given by (178). The corresponding monoid 
can be described as the semi-group extension (179) of 0(d, d\Q) x u(l) 2d . In 
the following, we will explain how the topological interfaces "inherit" this 
semi-group structure. 

The deformation space of torus models is the space of even self-dual charge 
lattices T C R d ' d . These are determined by the geometric and B-field moduli 
packaged in the symmetric 0(d, d) matrix M = 2U T U, c.f. ^ and Q. The 
lattice T is the lattice of "physical" charges. In terms of the lattice of integer 
charges it is given by T = U7j d,d . Two torus models are of course identified if 
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they only differ by the choice of basis of left and right u(l) d currents. Such a 
change of basis is implemented by the action of 0(d) x 0(d) on the vielbein 
U from the left. This leaves M invariant. Thus the matrices M parametrize 
the (homogeneous) coset space V d = 0(d) x 0(d)\0(d,d\R). 

In fact, two charge lattices lfZ d ' d and UAZ d,d are identical, whenever 
A G 0(d,d\1i) is an automorphism of r L d,d . Thus, the moduli space of 
torus models is given by Dd/0(d, d|Z). However, while the two charge lat- 
tices UZ d4 and UAZ d ' d agree, the automorphism A acts non-trivially on the 
charges. In particular taking the 0(d, d|Z) orbifold of T>d creates non-trivial 
monodromies on the bundle of CFT-Hilbert spaces over it. In general these 
monodromies are not symmetries of the CFTs in the sense that they do not 
separately commute with left and right Virasoro algebras. 

Since we are interested in describing interfaces between different torus 
models, which can be realized as operators between different fibers of the 
Hilbert space bundle, it is convenient to work with the deformation space T>d 
on which the Hilbert space bundle is trivial. A choice of flat connection then 
allows to identify all the fibers by means of parallel transport. On the level 
of charges this is realized as a specific "gauge choice" for the vielbein U, for 
instance the choice dictated by the Iwasawa decomposition of 0(d, d\R), see 
reference [33]. 

The deformation interfaces D y i y between any two torus models y and y' 
incorporate the parallel transport in the Hilbert space bundle, hence they 
have gluing condition U(y')U(y)~ 1 . 

Consider now the set (177) of all interfaces obtained by parallel transport 
of a conformal defect. As was explained in Section 6.2 a defect is uniquely 
specified by the data (A,<p,L), where A G 0(d,d\Q) is the gluing matrix 
for integer-charge vectors. If y and y' are the two torus CFTs on the left 
respectively right of the interface, then the gluing condition for their physical 
charges reads 

A = U(y')kU(y)- 1 . (194) 

It can be shown that for given y and A there exists a unique y' for which 
this interface is topological, i.e. such that A G 0(d) x 0(d). Indeed, suppose 
there were two theories for which this was true, say y' and y" . Then both 
U(y')kU(y)- 1 and U(y")kU(y)- 1 would be elements of 0(d) x 0(d), and 
hence so would U(y")U(y')~ 1 . This contradicts our assumption that U(y) 
was a good parametrization of the coset space T>d, which proves the claim. 

Therefore, any given conformal defect (A, if, L) of a reference torus model 
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gives rise to a topological interface between any given torus model y and a 
model y' = f(y,A), with the latter uniquely fixed by y and A. Clearly, the 
converse statement is also true: every topological interface can be parallel 
transported by fusing with deformation interfaces on the left and right to 
a unique defect in some reference CFTO. Hence, for all torus models y, 
there exists a bijection between conformal defect lines and the topological 
interfaces starting in y. 

Being valid for all y, this bijection allows to pull back the fusion of ar- 
bitrary fusable topological interfaces to the one of conformal defect lines. 
Thus, the fusion of topological interfaces is a representation of the monoid 
of conformal defect lines in a fixed torus model. 



Connection with effective supergravities 

The relation of topological interfaces with the 0(d, d\R) symmetries of the 
low-energy supergravity has been discussed in the introduction, and for d — 1 
in Section [5j The generalization to higher d is straightforward, so we will 
only sketch it very briefly. 

As alluded to in the introduction, the continuous 0(d,d) symmetry of 
the effective low-energy supergravity acts on the closed-string moduli, while 
leaving the physical charges invariant modulo 0(d) x 0(d) rotations. Since 
the Einstein-frame metric does not transform, also the masses of black hole 
solutions do not change. This fits in nicely with the fact that topological 
interfaces, which implement the transformations on the string worldsheet as 
we have proposed in this work, leave invariant the masses of both fundamental 
string states and D-branes. 

The mass-squared of a fundamental string is proportional to Lq+Lq which 
by definition commutes with topological interfaces. For D-branes the story 
is more subtle, but still follows from general facts: the D-brane mass-formula 



(121 ); the fact that fusion with a topological interfaces multiplies the g-factor 
of the boundary condition with the one of the topological interface; the form 
g>top = |ind(A) | ly/2 of the relevant topological interfaces here; and, finally the 
rescaling of the string coupling with the interface index as in <Q. Putting 
all these facts together shows that D-brane masses are invariant under the 
transformations by the topological interfaces considered here. 

Note that the argument does not use properties of the boundary state; it 
even holds for D-branes that break some, or all, of the u(l) symmetries. 

As we argued for d = 1 above, also for higher d the classical symme- 
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try group 0(d, d\R) is replaced in the quantum theory by a semi-group, the 
extension (179) of 0(d,d\Q) by the semi-group of maximal-rank sublattices 
of 7j d ' d . This is necessary for the preservation of charge quantization. As 
explained, this algebraic structure is completely captured by the fusion al- 
gebra of conformal defect lines. Its action on boundary conditions defines a 
homomorphism of this semi-group into [1R + x Spin(d, d)\ n GL(2 d \L). 

We end by repeating once more that non-invertible transformations in 
this semi-group are not exact symmetries of string theory, but should be 
thought of as orbifold equivalences. They are symmetries at leading order 
in the string coupling and all orders in a'. Even though restricted in scope, 
such orbifold equivalences can have non-trivial consequences, see for example 
|46j . It would be interesting to look for similar applications in the present 
context. 
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A Conventions 

The fields of the Af = (1, 1) SCFT are a free massless boson 0, and a free 
massless Majorana fermion with (left, right) components (ip, ip). The mode 
expansion of <p on the circle parametrized by a G [0, 2n] reads 

<P = ^ + 2R T + + ( a - e ~ in(T+a) + 5 « e " m(T_ff) ) > ( 195 ) 
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where N, M are the integer-valued momentum and winding operators, and 
R is the compactification radius. The fermion mode expansions likewise read 



(196) 



with r integer in the Ramond sector, and half-integer in the Neveu-Schwarz 
sector. These modes obey the reality conditions = a_ n , ipt — V'-r an d 
likewise for the right movers. The canonical commutation relations are 



~ N 

[a n , a m ] = [a n , a m ] = nS n+m , and [0 O , = i , 

{lpr,i>s} = {4>r,4>s} = 8 r+s fi ■ 

The currents generating the two u(l) Kac-Moody algebras are 



j = 2 d + (f) = In e 



m(r+tr) 



j = 2d^(p = Y^ Jn< 



Comparing with (195) gives 



(197) 



(19£ 



N 

•?o = 7777 + MR and Jn = a n for n^O, 
Zri 

with similar expressions for the right movers. In terms of these modes the 
fermionic generators of the super- Virasoro algebras read 



G r = ^ Jn4>r 



G r ^ Jnlpr—n • 



(199) 



B Proof of the index identity 



In this appendix we prove the index identity ( |172[ ). This identity is indepen- 
dent of the moduli of the CFTs. Writing the charge lattices I\ = UiL d ' d , and 



replacing the gluing conditions A \-t UiAU 2 



with respect to T = T 
as 



Z d ' d . Setting F 



1 0,0' 



we can formulate it entirely 
the identity can be written 



r 

pA' 



iA'A 



pA 



pA' q pA 



pA'A 



(200) 
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Here, all gluing conditions are admissible, i.e. A, A' G 0(d,d\Q). Note that 
in the canonical basis the 0(d, d\Q) matrices have rational entries 



A 



Pu/qu Pn/q 



12 



Vi2d/q 



12d 



P2dl/q2dl P2d2/q2d2 



P2d2d/ q2d2d 



(201) 



where (p a b,qab) are pairs of relatively prime integers, and |T/r A | = lcm(g a {,). 
Similar expressions can be written for A' and A" = A'A. One implication of 
the index identity is then that 



\cm(q' ab ) x lcm(g, 



ab 



lcm(g£ 



K 2 



(202) 



ah) 



i.e. the left-hand-side is a perfect square. Its square root is the index of the 
sublattice T A ' © T A in T A ' A . 



To prove identity (200), we first rewrite it in the equivalent form 

-.A i 



-.A' 



.A'A i 



ir A ©r A || 2 



(203) 



where ||L|| is the volume of a unit cell of the lattice L, and ||r|| = 1. Next 
note that r A ' T A = T n A _1 T n (A'A) _1 r is a sublattice of both T A and 
A _1 r A ', in addition to T A ' A . We can thus write (12001) as 



r A ' r A 



A-T 



IrA' 



r A ' © r A 



pA'A 



(204) 



where we used the fact that 0(d,d) transformations are volume preserving. 
It will be actually easier to establish this identity in its dual form, 



(r A ' © r A )* 



(r A )« 



(r A ' © r A y 



(T 



A'A\ 



r 



(205) 



Here we employed the facts that T* = T is self-dual, and that (AL)* = AL*, 
which holds because 0(d,d) transformations preserve the inner product. 

To prove this last identity we will make repeated use two more facts: 
[L\ H L2)* = L\ U L* 2 for any two (maximal-rank) lattices L\ and L2, and 



AUB 
A 



B 

Ar\B 
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for any sets A and B. With the help of these identities we can express the 



first factor of equation (205), as follows 



(r A ' © r A )* 




r u A _1 r u (A'A) _1 r 




(A'A) _1 r 


(r A )* 




ru A- X r 




(ru A- X r) n (A'A)-^ 



(206) 



Rearranging the last denominator, 

(r u A^r) n (A'A^r = (A'A) _1 (A'(r u Ar) n r) = (A'aj-^a'i^ -1 u r) 

and using also ||L*|| = leads to 

(r A ' © r A )* 



iruAT 



/rA" 



(207) 



Using the same reasoning, one can likewise establish the relation 

(r A ' © r A ) 



A _i r A ' * 



, ru A /-l r A||-l 



(208) 



Now, the product of the two relations (207) and (208) can be written as 

(r A ' © r A )* (r A ' © r A ) * 



(r A )* 



A _i r A ' * 



ruA-T 



lrA' 



(A'Aj-HruATA" 1 )' 



(209) 



where the right-hand side makes sense since the denominator lattice, 

(A'A) _1 (r u at a_1 )* = (A'A) -1 r n (A _1 r u r) , 

is contained in the numerator lattice, 

r u A'- 1 ^ = r u (A /_1 r n (AA') _1 r) , 

by virtue of the obvious relation A n (B U C) = (A n B) U {A n C) C 
(A fl B) U C . Simplifying the quotient by eliminating the summand (A D B) 



in the numerator yields the desired identity (205) 

(r A ' © r A )* (r A ' © r A )* 



(r A )* 



(A _1 r A ') H 



r 



pA'A 



(r 



A'A\* 



r 



(210) 



This proves (200) 
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